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concern in the use of observational data to inform treat-
ment policies. In these problems, the decision maker is 
interested in using historical data to learn a policy that is 
capable of mapping patient covariates to treatment options. 
One example of this is using historical data for hospital 
readmissions to learn a policy that maps patient chart mea-
sures to discharge recommendations. This is a particularly 
challenging setting, because only observational data can be 
collected as it is often unethical to obtain a large amount 
of patient data from randomized controlled trials [3, 4]. 
In addition to limitations due to ethical concerns, studies 
involving a small subset of the population, such as treat-
ing postpartum birthing persons for hypertension, are natu-
rally data-scarce settings. Moreover, using data that may be 
biased or incomplete can lead to inaccurate or unreliable 
models [5]. The consequences of enacting policies derived 
from such models can include lawsuits, increased costs of 
insurance, and adverse health effects to individuals targeted 
by the policy. This can be particularly problematic in public 
health, where bias in data for a specific demographic leads 
to discriminatory policies.

1  Introduction

In high risk domains such as healthcare, getting high qual-
ity data can be costly and time consuming to collect. More-
over, the presence of biased or incomplete data can affect 
quality of care [1, 2]. These challenges are a particular 
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assigning treatments for postpartum hypertension. In particular, PNNs are shown to produce policies that could reduce 
peak blood pressure by 5.47 mm Hg (p=0.02) over existing clinical practice, and by 2 mm Hg (p=0.01) over the next best 
prescriptive modeling technique. Moreover PNNs were more likely than all other models to correctly identify clinically 
significant features while existing models relied on potentially dangerous features such as patient insurance information 
and race that could lead to bias in treatment.
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To address these challenges, there has been interest in 
the operations community to develop methods that train 
prescriptive models, that is, machine learning models that 
do not just attempt to predict future labels but that also use 
insights from causal inference to optimize policy treatment 
effects [6]. Since the key challenge of observational data 
is that the counterfactual for the treatment is not observed, 
these methods use techniques such as inverse propensity 
score weighting [7] or double robust estimation to esti-
mate the treatment effect [8] The resulting models then map 
patient covariates to the treatment that maximizes this treat-
ment effect. To date, the main models proposed for this task 
in the literature are decision tree based [6, 9, 10]. The advan-
tage of these models is that they can be optimized effectively 
using mixed integer programming (MIP) solvers, especially 
in data scarce settings. However, these models require cer-
tain strong assumptions such as requiring binary covariates 
making their performance contingent on the effectiveness 
of discretization. Moreover, the resulting decision trees are 
in general trained to a depth of one or two, meaning that 
in general only three or so features can be included in the 
policy computation. While this may be appropriate for some 
settings, this limits the applicability of these models to set-
tings where treatments depend on multiple patient covari-
ates and their interactions. Thus there is a critical need for 
developing models that incorporate continuous features and 
can capture these more complex relationships in the data, 
while still allowing for exact optimization in this prescrip-
tive setting.

One set of candidate models that could capture this com-
plexity in the data are artificial neural networks (ANNs). 
In data-rich settings, deep ANNs, i.e, networks with a large 
number of hidden layers, have taken center stage in learning 
modern complex tasks. However, current state-of-the-art 
optimization tools used to train ANNs, such as stochastic 
gradient descent (SGD), fall short when data availability is 
limited such as in the prescriptive analytics setting [11–13]. 
Furthermore, criticisms against the interpretability of deep 
neural networks are increasingly prevalent in domains such 
as medicine, public health, and social intervention where 
fairness and accountability are critical [14–16]. Recent tech-
niques emerging from operations research literature have 
explored the use of mixed-integer programming to address 
some of the limitations of ANNs trained with SGD in these 
data limited settings[17–20]. However, there is currently no 
consensus on modeling an appropriate loss function for the 
mixed-integer programming (MIP) formulations. Moreover, 
the current literature has mainly focused on the training of 
ANNs for prediction tasks and have not examined their use 
for prescriptive analytics.

In this paper, we explore the problem of training shal-
low neural networks with limited data using MIP with a 

focus on personalized prescription problems. We show that 
these models have favorable statistical properties, including 
consistency and asymptotic optimality implying that they 
can use data efficiently. ANNs trained with SGD may not 
necessarily have these properties since they may converge 
to local minima. Furthermore, we provide empirical insight 
into designing personalized prescription policies in the med-
ical domain where conducting randomized control trials are 
expensive, unethical, or otherwise infeasible. Specifically, 
we consider the tasks of deciding treatments for hyperten-
sion in postpartum birthing persons. Our methods are well-
suited to solve such problems since the availability of data 
is limited, and the need for understanding which patient 
characteristics influence policy design is high. In addition 
to these experiments, in the appendix we provide supple-
mentary experiments showing the use of our prescriptive 
networks for designing optimal policies to prescribing war-
farin for patients susceptible to blood clots. Additionally, in 
the appendix, we produce empirical results demonstrating 
the use of our models for prediction using the MNIST digit 
recognition problem for the 2-digit case.

1.1  Problem description

Prescription problems are a growing array of tasks in per-
sonalized decision-making. These problems arise when 
managers and decision-makers need to make general policy 
decisions that account for the heterogeneous responses to 
the policy among different individuals in the population. 
In such cases, prediction alone is not sufficient as individu-
als may respond to the same treatments differently. These 
problems are especially challenging to solve in settings 
with scarce observational data. For instance this occurs in 
cases where collecting large amounts of controlled data may 
violate ethical concerns or could be too costly. In settings 
where data is less scarce or ethical concerns for experimen-
tation are less of a concern, reinforcement learning could 
be used to learn policies [21–23]. However, these methods 
are not applicable when these assumptions are violated, 
necessitating specific techniques for policy learning from 
observational data. In this paper, we consider the problem 
of prescribing the best treatment to an individual as a func-
tion of their characteristics such that the outcome of such a 
prescription is optimized.

These problems are particularly challenging because 
they require us to determine not only what the best treat-
ments are, but also why they are the best treatments. In 
other words, we need to understand the causal relation-
ships between treatments and outcomes. Indeed, we use 
techniques from causal inference to define an objective that 
maximizes (or minimizes) the outcome by estimating the 
counterfactual information from historical observations. By 
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doing so, we can gain a better understanding of the causal 
relationships between actions and outcomes, allowing us to 
make better policy decisions. For instance, when prescribing 
blood-pressure medication to postpartum patients, we may 
be interested in ensuring that the model identifies those fea-
tures that attribute to a positive response to receiving treat-
ment as well as those that attribute to a negative response.

1.2  Contributions

The overarching goal of this paper is to provide a structured 
framework to training ANNs using MIP techniques for pre-
scription problems.

We make several methodological contributions to these 
problem domains. In the realm of prescription problems, 
we design an optimization framework that uses MIP-based 
ANNs, which we refer to as Prescriptive Neural Networks 
(PNN). PNNs designs interpretable policies with the goal 
of optimizing population average outcomes given limited 
observational data. This problem is non-trivial because we 
need to account for the outcomes of unobserved treatments, 
as well as incorporate causal effects into our framework. To 
address this challenge, the PNN optimizes over-estimates 
of the conditional average treatment effects (CATE) to 
account for unobserved counterfactual outcomes. To imple-
ment the framework into commercial solvers, we propose 
a novel mixed-integer linear objective function for the pre-
scription problem that incorporates outcomes estimated by 
the Inverse Propensity Weighting (IPW) method, Direct 
Method (DM) or the Doubly Robust (DR) estimator. These 
estimators adjust for confounding factors and provide 
robust estimates of counterfactual treatment effects using 
observational data. We also provide statistical guarantees 
for the proposed formulations that address both prediction 
and prescription problems. In particular, our analysis shows 
that these frameworks produce statistically consistent esti-
mators in both cases, to the best of our knowledge this is one 
of the first derived statistical guarantees for ANNs trained 
with MIP.

We validated our framework through a series of experi-
ments on both simulated and real-world data. To validate 
PNNs, we benchmark our methods against state-of-the-art 
prescriptive methods and heterogeneous treatment effect 
estimation techniques with simulated experiments common 
in the prescription literature [24] along with two case stud-
ies in personalized healthcare. The first case study entails 
designing prescriptive policies to treat postpartum patients 
against hypertension. The second case study, which we pres-
ent in the appendix, involves incorporating prescription in 
personalized warfarin dosing. Our contributions also extend 
to assessing the interpretability of the PNN, and its ability 
to identify key features that impact in the models’ decisions. 

By doing so, we derive a sense of our model’s strengths 
and identify where it is most apt to use prescriptive neural 
networks over others. In particular, we show that PNNs are 
more likely to identify relevant clinical features for treat-
ment decisions, unlike existing methods that may use biased 
surrogate features such as patient insurance information.

While not in the main paper but in the appendix, we also 
present contribution to the use of MIP ANNs in the realm of 
prediction. We develop a novel MIP formulation of the neg-
ative log-likelihood loss (NLL) that incorporates a softmax 
activation function applied over the output layer of an ANN 
formulated by mixed-integer constraints. Existing literature 
that explores using MIP to train ANNs has considered a 
Support Vector Machine loss, minimizing empircal classi-
fication loss, and other linear and non-linear loss functions 
[17, 18, 20]. The softmax function is an appealing activation 
function since it considers the output of the neural network 
as a probabilistic distribution over predicted output classes 
[25]. By incorporating this well-studied loss function from 
the literature into MIP-based ANNs, our work helps bridge 
the divide between MIP-based training methods and clas-
sical training methods. To evaluate the performance of 
our MIP-based ANN with the NLL objective, we conduct 
numerical experiments using the MNIST digit recognition 
dataset. We benchmark our performance against state-of-
the-art stochastic gradient descent (SGD) based algorithms. 
These experiments are conducted over a variety of ANN 
architectures and hidden-layer activation functions.

2  Literature review

Our work contributes to several important streams of litera-
ture in machine learning and operations research. The MIP 
formulations we develop in this paper builds upon the exist-
ing literature on using integer programming and constraint 
programming to train ANNs. Our work on applying this 
framework for personalized prescription problems parallel 
previous papers that consider the intersection of optimiza-
tion and statistical inference. In the first stream, we review 
works that estimate heterogeneous causal effects in the con-
text of learning treatments effects across subsets of the pop-
ulation with causal trees and forests. Along these lines, we 
also discuss non-tree methods used in statistical learning. 
Additionally, we present related work on learning prescrip-
tive trees that optimize using MIP formulations. The second 
stream of literature pertains to training ANNs using MIPs. 
Finally, we review papers in machine learning that address 
challenges related to data scarcity and interpretability.

In the context of statistical learning based approaches for 
causal inference, Athey and Imbens [24] proposed causal 
tree estimators that use recursive partitions to estimate 
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We now discuss the interplay between integer program-
ming and neural networks in the literature. Using integer 
programming to train neural networks has gained some pop-
ularity in recent years. Toro Icarte et al. [17] use Constraint 
Programming, MIP, and a hybrid of the two to train Bina-
rized Neural Networks (BNNs), a class of neural networks 
with the weights and activations restricted to the set {-1, 
+1}. To relax the binarized restriction on weights, Thorbjar-
narson and Yorke-Smith [20] propose a formulation to train 
Integer Neural Networks with different loss functions. Kurtz 
and Bah [18] developed a formulation for integer weights, 
and offer an iterative data splitting algorithm that uses the 
k-means classification method to train on subsets of data 
with similar activation patterns. For problems with continu-
ous activation functions, Serra et al. [33] introduce a mixed-
integer linear programming (MILP) formulation for deep 
neural networks to count the number of linear regions rep-
resented by it. While the authors do not use the formulation 
to train neural networks, they utilize a systematic one-tree 
approach [34] to count integer solutions of the MILP. MIPs 
have also been used for already trained networks to provide 
adversarial samples that can improve network stability [35–
37]. Additionally, there has been research directed towards 
using ANNs to solve MIPs [38, 39].

Finally, we discuss additional, non-learning-tree methods 
that address data scarcity in machine learning and optimiza-
tion. The promising capabilities of deep learning techniques 
have spurred compelling research on learning in data scarce 
settings. Loh [40] proposes a framework that combines 
supervised and unsupervised learning with prior knowledge 
of known symmetries or invariance, and surrogate datasets. 
Hakami [41] suggests the use of Generative Adversarial 
Networks to generate synthetic data. Additionally, there 
has been work on utilizing transfer learning techniques 
that leverage complementary information across different 
models and datasets [42]. We refer to Alzubaidi et al. [43] 
for an overview of comprehensive overview of strategies 
to address data scarcity in training learning models. How-
ever, while these techniques show initial promise, it is not 
clear how applicable they would be to the construction of 
prescriptive models with observational data, especially in 
a high stakes setting such as health care. This is because 
these methods assume that the restricted data sets are fully 
representative. In contrast, one of the challenges of learn-
ing policies from observational data is that only certain 
patient and treatment combinations are observed, with the 
counterfactual not being fully represented, making it diffi-
cult to generate additional data. Lastly, we highlight some 
key papers on the importance of interpretability in machine 
learning applied to healthcare settings [44–47]. These meth-
ods show promise in interpreting the predictions of parsi-
monious models.

conditional average treatment effects. The causal tree struc-
ture uses the Inverse Propensity Weighting [7] to estimate 
counterfactual outcomes. Wager and Athey [8] build on the 
concept of causal trees by extending estimation using ran-
dom forests with a causal structure, and provide asymptotic 
confidence intervals for their work. Powers et al. [26] fur-
ther build on causal forests and introduce Pollinated Trans-
formed Outcome forests for the treatment effect estimation 
problem in high dimensions. They additionally apply modi-
fications to boosting and MARS (Multivariate Adaptive 
Regression Splines) to use in the context of structured causal 
problems. Along the lines of estimating counterfactual esti-
mation, Dudík et al. [27] provides a doubly robust frame-
work that combines inverse propensity weighting methods 
with “direct methods”, i.e, directly estimating counterfac-
tual outcomes using learning models with a given sample. 
The same paper proposes methodologies for devising opti-
mal treatment policies using the doubly robust framework. 
A study on using deep neural networks for semiparametric 
inference was conducted by Farrell et al. [28], which apply 
theoretical results on treatment effect and expected welfare 
estimation.

Several tree-based approaches have been studied in the 
context of personalized prescription problems. The works 
reviewed in this avenue of research build on the classifica-
tion trees [29]. A key motivation presented in literature for 
personalized trees is to provide a sense of interpretability 
to prescription problems. Kallus [6] proposes personaliza-
tion trees with a mixed-integer optimization framework to 
learn to choose the optimal treatment from a discrete set 
of treatments. Bertsimas et al. [30] modify this approach 
with by incorporating regularization for variance-reduction 
in the objective function of the problem. The authors use 
coordinate descent with multiple starts to solve the optimi-
zation problem numerically. A prescriptive tree approach 
presented by Jo et al. [10] builds on a MIP-based classifica-
tion tree [31] formulated as a flow network. One advantage 
of such a network optimization model is that it is particu-
larly suited for learning in data scarce settings. Both [6] 
and [30] provide structure for learning optimal trees with-
out explicitly estimating counterfactual outcomes, while 
the MIP formulation detailed by Jo et al. [10] incorporates 
inverse propensity weighting methods, direct methods, 
or doubly robust methods in their optimization problem. 
Amram et al. [32] extend the work of Bertsimas et al. [30] 
to the problem of learning prescription policies using esti-
mated counterfactual information, and to problems with 
continuous-valued treatments. Finally, a new type of pre-
scription trees is presented by Bertsimas et al. [9], which 
uses threshold-based methods to devise decision-rules that 
can be used in-tandem with the optimal policy trees [32] 
under budget constraints.
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σ : R �→ R is a non-linear function applied over the hid-
den layers ℓ = 0, ..., L − 1 called the activation function, 
φ : R �→ R is a potentially different non-linear function 
applied over the output layer L, and α and β are the weights 
and biases matrices respectively where (α, β) = θ. In our 
work, we consider σ to be the binary activation and we 
assume for any input z ∈ R, σ(z) = 1[z ≥ 0], where 1 
is the indicator function. The notation αa,b,ℓ indicates the 
weight being applied to unit index a in layer ℓ − 1 for the 
evaluation of unit index b in layer ℓ. Likewise, βk,ℓ indi-
cates the bias associated with unit index k in layer ℓ of the 
network. 

We show how the above training problem and model can 
be formulated as a MIP. The key to our reformulation is the 
introduction of decision variables hi,k,ℓ which correspond 
to the unit output of unit k in layer ℓ when the ANN is evalu-
ated at data point with index i. Having these decision vari-
ables be data point dependant, and ensuring that αk′,k,ℓ, βk,ℓ 
are the same across all data points forms the backbone of 
our formulation. Thus, if Xi,d denotes the dth feature value 
of individual i, the general form of the optimization problem 
is: 

θ̂n = arg min
θ∈Θ

1
n

n∑
i=1

∑
t∈T

Ln(hi,t,L, yi,j) � (1)

subject to

hi,k,0 = σ(
∑
d∈F

αd,k,0Xi,d + βk,0),

∀ k, i ∈ [K]1 × [n]1,

� (2)

hi,k,ℓ = σ(
K∑

k′=1

αk′,k,ℓhi,k′,ℓ−1 + βk,ℓ),

∀ ℓ, k, i ∈ [L − 1]1 × [K]1 × [n]1,

� (3)

hi,t,L = φ(
K∑

k′=1

αk′,j,Lhi,k′,L−1 + βt,L),

∀j, i ∈ T × [n]1.

� (4)

 In this section we will discuss how the constraints of (1) 
can be represented using a MIP formulation. We will also 
discuss how different forms of common causal inference 
loss functions Ln can be formulated using MIP constraints. 
We will conclude by proving that the resulting formulation 
provides consistent estimates of the optimal policy. That is, 
that as n → ∞, θ̂n

p→ θ∗. This property is crucial, since it 
indicates that as decision makers gather more data our tech-
nique will generate more effective policies. Moreover, it is 
not clear if many ANN architectures trained using stochastic 
gradient based approaches exhibit this property in general.

3  Mixed-integer programming formulation 
of ANNs

In this section we consider MIP formulations for training 
ANNs in the prescriptive setting. However, in the appendix, 
we discuss how the formulation can be adapted to the pre-
dictive setting, as proposed by Patil and Mintz [19]. Con-
sider a personalized decision-making problem where the 
goal is to assign the best treatment t ∈ T  for an individual 
given their covariates X ∈ X ⊆ RF  such that the individu-
al’s potential outcome Y (t) ∈ Y ⊆ R is either minimized or 
maximized over the treatment group. We assume both X , Y  
are compact sets and that T  is a finite set. In this problem, 
decision-makers use observational data to design a personal-
ized treatment policy s : X �→ T  that should then be able to 
prescribe an optimal treatment s(X) for an individual based 
on their covariates X. In the case where all of the poten-
tial outcomes {Yi(t)}t∈T  for an individual i are known, 
the problem of learning an optimal policy ŝ is a classifica-
tion problem where the model classifies the patient to the 
treatment group that maximizes or minimizes individual’s 
outcome. Recall that we are interested in the observational 
case when prescribing a patient every possible treatment 
to procure all potential outcomes can be impractical due to 
ethical concerns or resource constraints. In this problem, we 
observe an outcome {Yi(ti)} for individual i ∈ {1, . . . , n} 
having received treatment ti, but not their counterfactual 
outcomes {Yi(t)}t∈T \ti

. Our goal is to learn a policy ŝ 
from n independent and identically distributed observations 
of participants {(X1, t1, Y1(t1)), . . . , (Xn, tn, Yn(tn))}.

We use the notation [n]m = {m, m + 1, ..., n} for 
any two integers n > m. For our problem, we will think 
of policies s being parameterized by θ ∈ Θ, where Θ is a 
compact set, and our goal will be to find θ∗ such that for 
any X ∈ X , s(X; θ∗) is able to closely predict the opti-
mal treatment. Our goal will be to estimate θ∗ by finding 
a θ̂ that minimizes an empirical loss Ln : T × Y �→ R 
that is θ̂ = argminθ∈Θ

1
n

∑n
i=1 Ln(s(Xi; θ), Yi). We 

assume s is an ANN that can be expressed as a func-
tional composition of L vector valued functions that is 
s(X; θ) = hL ◦ hL−1 ◦ ... ◦ h1 ◦ h0(x). Here each func-
tion hℓ(·, θℓ) is referred to as a layer of the neural net-
work, we assume that h0 : X �→ RK , hL : RK �→ T , and 
hℓ : RK �→ RK , we denote each component of hℓ as hk,ℓ for 
ℓ ∈ [L − 1]0 and k ∈ [K]1, and each component of hL as ht,L 
for t ∈ T . We refer to these components as units or neurons. 
We refer to the index ℓ as the layer number of the ANN, and 
the index k as the unit number. The layer corresponding to the 
index L is referred to as the output layer, and all other indices 
are referred to as hidden layers. Each unit has the functional 
form: hk,0 = σ(α⊤

k,0X + βk,0), hk,ℓ = σ(α⊤
k,ℓhℓ−1 + βk,ℓ) 

for ℓ ∈ [L − 1]1, ht,L = φ(α⊤
t,LhL−1 + βt,L), where 
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zi,k′,t,L ≤ αk′,t,L + M(1 − hi,k′,L−1), ∀ k′ ∈ [K]1, � (14)

zi,k′,t,L ≥ αk′,t,L − M(1 − hi,k′,L−1), ∀ k′ ∈ [K]1, � (15)

− Mhi,k′,L−1 ≤ zi,k′,t,L ≤ Mhi,k′,L−1, ∀ k′ ∈ [K]1. � (16)

Constraints (5) and (6) are big-M constraints that, when 
combined with the integrality of hi,k,0, impose the output 
of the first hidden layer to be 1 if the linear combination of 
the units of the input vector summed with the bias term is 
greater than or equal to some small constant ϵ > 0, and 0 
otherwise. To reformulate Constraints (3), we introduce an 
auxiliary variable zi,k′,k,ℓ = αk′,k,ℓhi,k′,ℓ−1. Constraints (7) 
and (8) are then similar to Constraints (5) and (6), and define 
the output of the remaining hidden layers ℓ ∈ [L − 1]1. We 
leverage the fact that the bi-linear term is a product of a 
continuous and binary variable for Constraints (9), (10), and 
(11); zi,k′,k,ℓ = 0 when hi,k′,ℓ−1 = 0 or zi,k′,k,ℓ = αk′,k,ℓ 
when hi,k′,ℓ−1 = 1. Similarly for the definition of Con-
straints (12)-(16), which define the binary activated output 
of the output later, and ensures zi,k′,t,L = αk′,t,Lhi,k′,L−1, 
the bi-linear terms associated with the output layer.

A full proof of this proposition can be found in the 
Appendix B. However, we will present a sketch here. The 
main techniques for this proof rely on first using a big-M 
formulation for disjunctive constraints [see, for example, 
48, 49] to model the binary activation. Then bi-linear terms 
are reformulated using the techniques applied to products of 
binary and continuous variables.

3.2  Loss functions for prescription

In this section we design MIP losses for ANNs in the con-
text of prescription problems.

The key challenge of using observational data is the lack 
of counterfactual information. Without the counterfactual, it 
would be impossible to identify the best treatment in expec-
tation for a given individual. Thus, we consider this problem 
as a conditionally randomized experiment, by making the 
following key assumptions [50].

Assumption 1  For every treatment t ∈ T , the outcome Y(t) 
is independent of observed treatment, T, given the covari-
ates X. That is, conditional exchangeability, Y (t) ⊥⊥ T |X , 
holds.

Exchangeability in this context refers to the case where for 
any two treatments t, t′ ∈ T , the group that receives a treat-
ment t would observe the same outcome distribution as the 
group that receives a different treatment t′ ̸= t had their 
treatments been exchanged. Here, we specifically assume 
that conditional exchangeability Y (t) ⊥⊥ T |X  holds as a 

3.1  Binary activations

In this section, we present a MIP reformulation of the con-
straints of (1) for binary activations in the hidden layers 
that can be solved using commercial solvers. Our formu-
lation can be seen as an extension of prior MIP formula-
tions for ANN training by using continuous instead of 
integer valued model weights [17]. Specifically, we relax 
the bounds such that αd,k,0, αk′,k,l,αk′,j,L ∈ [αL, αU ]. We 
rewrite Constraints (2),(3),(4) for a single unit as hi,k,0 = ⊮
[
∑

d∈F αd,k,0Xi,d + βk,X0 ≥ 0], hi,k,ℓ = 1[
∑K

k′=1αk,k′,ℓ

hi,k′,ℓ−1+βk,ℓ ≥ 0], hi,j,L =
∑K

k′=1 αk′,j,Lhi,k′,L−1 + βj,ℓ 
respectively. Note that for all layers that are not the input 
layer, the above constraints contain bi-linear products which 
make this formulation challenging to solve. We propose the 
following reformulation:

Proposition 1  In the binary activation case, the Constraints 
(2),(3),(4) can be reformulated as a set of MIP constraints. 
Specifically for all k ∈ [K ]1 , i ∈ [n]1  Constraint (2) can be 
reformulated as:
∑
d∈F

(αd,k,0Xi,d) + βk,0 ≤ Mhi,k,0, � (5)

∑
d∈F

(αd,k,0Xi,d) + βk,0 ≥ ϵ + (−M − ϵ)(1 − hi,k,0), � (6)

For all, ℓ ∈ [L − 1 ]1 , k ∈ [K ]1 , i ∈ [n]1  Constraints (3) 
can be reformulated as:

K∑
k′=1

(zi,k′,k,ℓ) + βk,ℓ ≤ Mhi,k,ℓ, � (7)

K∑
k′=1

(zi,k′,k,ℓ) + βk,ℓ ≥ ϵ + (−M − ϵ)(1 − hi,k,ℓ), � (8)

zi,k′,k,ℓ ≤ αk′,k,ℓ + M(1 − hi,k′,ℓ−1), ∀ k′ ∈ [K]1, � (9)

zi,k′,k,ℓ ≥ αk′,k,ℓ − M(1 − hi,k′,ℓ−1), ∀ k′ ∈ [K]1, � (10)

− Mhi,k′,ℓ−1 ≤ zi,k′,k,ℓ ≤ Mhi,k′,ℓ−1, ∀ k′ ∈ [K]1, � (11)

And for all t ∈ T , i ∈ [n]1 , Constraints (4) can be refor-
mulated as:

K∑
k′=1

(zi,k′,k,L) + βk,L ≤ Mhi,k,L, � (12)

K∑
k′=1

(zi,k′,k,L) + βk,L ≥ ϵ + (−M − ϵ)(1 − hi,k,L), � (13)
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Regress-and-Compare (RC) approach for estimating coun-
terfactual outcomes for optimal treatment assignment. By 
the RC framework, we first partition the dataset by treatment, 
then for X ∈ X  learn a model µ̂t(X) for E[Y |X, T = t] 
using the subpopulation that was assigned treatment t, and 
finally estimate the counterfactual outcomes Ŷ (t) as µ̂t(X). 
In the case where we are maximizing over the outcomes, the 
RC approach would then take arg max

t∈T
µ̂t(X) as the pre-

scription for an individual [51]. The DM approach modifies 
this approach to estimate average outcome of a s:

π̂DM (s) := 1
n

n∑
i=1

µ̂s(Xi)(Xi)� (18)

However, we note that the performance of RC relies heavily 
on the quality of the estimate µ̂t(X), t ∈ T  [52]. As is the 
case with IPW, if the estimated outcome µ̂t(X) is unbiased, 
then the DM estimator is unbiased as well.

Lastly, we discuss the Doubly Robust (DR) estima-
tion method as proposed by Dudík and Langford [27] and 
adapted by Athey and Imbens [24]. To counteract the reli-
ance on one estimator being unbiased, this method combines 
the IPW and DM approaches to reduce the errors individu-
ally brought in by the two estimators; the DR estimator of 
the outcome appropriately combines the estimates µ̂t(X) 
and P̂[T = ti|X = Xi]. It can then estimate an individual’s 
outcome using the doubly robust framework as:

ψ̂t(zi) = µ̂s(Xi)(Xi)+
1(s0(Xi)=ti)
P̂[T =ti|X=Xi] (Yi − µ̂ti(Xi)) � (19)

where zi = (xi, ti, Yi) is the tuple of the individual’s 
covariates, treatment, and outcome from the data, and we 
let Z := X × T × Y . Under Assumptions 1 and 2, the bias 
of the doubly robust estimator is small if µ̂(X) is close to 
µ(X) or P̂[T = ti|X = Xi] is close P[T = ti|X = Xi]. 
Moreover, the bias E[E[ŶDR] − E[Y ]] of the estimated out-
comes E[Ŷ ] is asymptotically zero when either the IPW 
model or the DM model is consistent. This doubly robust 
estimator benefits from second-order bias, so estimating 
µ̂(X) and P̂[T = ti|X = Xi] with machine learning esti-
mators can lead to a smaller bias than standard parametric 
models [50].

Given the doubly robust estimator ψ̂t, Jo et al. [10] learn 
the optimal policy by solving the optimization problem 
arg max

t∈T
ψ̂t(z) in a maximization problem. Alternately, one 

may be interested in optimizing over the treatment effects 
rather than the estimated outcomes directly. Farrell et al. 
[28] present a one such approach for evaluating a policy s′ 
against a baseline policy s0. In the dichotomous treatment 

sufficient assumption to conceptualize observational stud-
ies as conditionally randomized experiments. The key for 
this assumption to hold is that the treatment groups are 
conditionally exchangeable on X since we consider only 
information from X to prescribe treatments. Indeed this is 
a sufficiency condition. That is, the counterfactual outcome 
and the observed treatments are independently conditioned 
on the covariates since only the patient information is used 
to assign the treatment.

Assumption 2  For every t ∈ T , the probability that an indi-
vidual i ∈ [n]1 with covariates Xi is assigned t is strictly 
positive. That is positivity, P(ti = t|Xi) > 0, holds.

Both assumptions are standard in literature and are known 
to hold in practice. For example, in the domain of personal-
ized medicine, Assumption 1 holds considering that only the 
patient’s covariates are available in an observational study. 
Particularly, patients features are the only information used 
for most medical guidelines used prescribes a treatment for 
their patient. Assumption 2 holds considering that practi-
tioners often use intuition developed over clinical or medi-
cal training to often prescribe treatments that deviate from 
treatment protocol. That is, patients need not be prescribed 
the same treatment despite having the same characteristics. 
Moreover, the assumption is tenable given that practitioners 
may disagree on treatment plans.

We now discuss methods from the literature that estimate 
the average causal effect of observational studies that sat-
isfy the above conditions. The first is the Inverse Propensity 
Weighting (IPW) method, which was introduced to estimate 
the expected value of counterfactual treatment outcomes and 
average treatment effect [7]. The method creates a pseudo-
population where every individual in the data is given all 
of the possible treatments, simulating a randomized con-
trolled trial. The IPW method first estimates the propensity 
scores for each individual i, P̂[T = ti|X = Xi], and then re-
weights their outcome by taking its inverse. Given a policy 
s, we leverage the conditional exchangeability assumption 
to estimate the performance of s as a measure of the average 
outcome:

π̂IP W (s) := 1
n

n∑
i=1

1(s(Xi) = ti)
P̂[T = ti|X = Xi]

Yi� (17)

If the estimated propensity score converges almost surely 
to the true propensity score, the IPW estimator is unbi-
ased but suffers from high variance for cases where 
P̂[T = ti|X = Xi] is small [50].

The second method we are interested in is the so-called 
Direct Method (DM) to directly estimate the average causal 
effect of observational studies. DM is an adaption of the 
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formulation of Prescriptive Neural Networks. Match-
ing the notation of this proposition to that presented 
in (1) we can think of the loss function in this case as 
Ln(s(Xi), Yi) = −

∑
t∈T hi,t,Lψ̂n(zi)t

We note the need to include one additional constraint to 
the MIP formulation that necessitates only one treatment to 
be assigned for each individual:
∑
t∈T

hi,t,L = 1, ∀ i ∈ [n]1� (27)

3.3  Consistency of prescriptive networks

An advantage of policies calculated using our MIP for-
mulation is that they can be shown to produce consistent 
prescriptive policies. In general, to show consistency of 
estimates derived from solving an optimization problem one 
must show the convergence of the minimizers of a sequence 
of stochastic optimization problems to the minimizer of 
a target optimization problem. This is not trivial since it 
requires showing that the value functions of these optimiza-
tion problems properly converge to the value function of 
the target problem. For instance point-wise convergence 
of these functions is insufficient to guarantee this property 
[53]. Thus our focus will be to show that in the case of MIP 
trained prescriptive networks, we obtain a necessary form of 
convergence that yields consistency. To obtain this property 
we will have to make one simplifying assumption on the 
parameters of the input layer of the network.

Assumption 3  Parameters αd,k,0 come from a finite set A.

Note that this assumption is only required on the param-
eters of the input layer and not any of the subsequent layers. 
Moreover, this assumption is not too restrictive since we are 
already assuming all parameters come from a compact set 
and thus we can think of A as an arbitrarily fine grid of small 
width. In our computational experiments, we did not place 
this integrality restriction on our parameters and found no 
reduction in performance. In addition to this assumption we 
need to make another standard assumption when consider-
ing our causal inference based loss.

Assumption 4  Estimators µ̂n, P̂n, ψ̂n are consistent. That 
is, as n → ∞, µ̂n

p→ µ, P̂n
p→ P, ψ̂n

p→ ψ, where µ, P, ψ 
are the true values of the direct, indirect, and doubly unbi-
ased estimators as evaluated with the population parameters.

This assumption is standard when analyzing prescriptive 
analytics [6, 10]. Essentially we are assuming that the meth-
ods employed for counterfactual estimation are statistically 

case, the function π̂(s′, s0) can be used to evaluate s′ against 
the baseline s0:

π̂(s′, s0) = En

[
[s′(Xi) − s0(Xi)]ψ̂1(zi)−

[s′(Xi) − s0(Xi)]ψ̂0(zi)
] � (20)

= En[(s′(Xi) − s0(Xi))(ψ̂1(zi) − ψ̂0(zi)] � (21)

= En[(s′(Xi) − s0(Xi))τ̂(Xi)] � (22)

where τ̂(Xi) = En[ψ̂1(zi) − ψ̂0(zi)] is the estimator for the 
average treatment effect. For cases where we consider more 
than two treatments, we can then define the following:

π̂(s) = En[
∑
t∈T

1{s(Xi) = t}ψ̂t(zi)] � (23)

π̂(s′, s0) = En[
∑
t∈T

1{s′(Xi) = t}ψ̂t(zi)−

∑
t∈T

1{s0(Xi) = t}ψ̂t(zi)]
� (24)

By using π̂ as our desired estimator, we explicitly consider 
the average treatment while evaluating the performance of 
a policy. Such a formulation also allows us to directly opti-
mize against a known baseline policy. We now propose a 
linear objective function derived from Equations 23 and 24 
through Proposition 2:

Proposition 2  Under Assumption 1 and 2, and in the case 
where larger outcomes are preferred, the objective of the 
optimal prescription problem that optimizes over the CATE 
with DR estimators can be formulated as

max 1
n

n∑
i=1

∑
t∈T

hi,t,Lψ̂(zi)t� (25)

when we do not have a baseline policy, and

max 1
n

n∑
i=1

∑
t∈T

(hi,t,L − s0(xi)t)ψ̂(zi)t� (26)

when we have a baseline policy s0 .

The proof of Proposition 2 follow directly from the deri-
vations detailed in Farrell et al. [28]. The proof can be found 
in the Appendix B for the sake of completeness.

Clearly, Proposition 2 can be adapted to formulate 
the objective with the IPW and DM estimators as well. 
From our findings in Section 3.1 along with the above 
reformulated objectives, our main result extends to the 
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Hϵ
n(θ, Z) = 1

n

n∑
i=1

inf
θ′∈Uϵ(θ)

φn(θ′, zi)� (29)

Hϵ(θ) = E[ inf
θ′∈Uϵ(θ)

φ(θ′, Z)]� (30)

Then for all θ ∈ Θ, ϵ > 0 , H ϵ(θ) > −∞ and for any 
n ≥ 1  both H ϵ

n(θ, Z ), H ϵ(θ) exist and are well defined. 
Moreover, H ϵ

n(θ, ·) l−prob→ H ϵ(θ), where the relation 

Hn
l−prob→ H  implies the sequence Hn  is a lower semicon-

tinuous approximation in probability to the target H as per 
Definition 4.1 in Vogel and Lachout [55].

This proposition establishes a point-wise functional law 
of large numbers for our MIP ANN models. Note that this 
result is stronger than a standard law of large numbers since 
we are required to control the convergence behavior of our 
value functions within an open neighborhood of the param-
eters. While a full proof of the proposition will be in the 
appendix here we will provide a brief sketch. Since we are 
assuming the data Z is i.i.d, the two key arguments needed 
to establish this relation are showing that the quantities in 
the proposition satisfy Kolmogorov’s Law of Large Num-
bers, and then that a strong enough convergence is achieved 
to apply Slutsky’s Theorem [56]. Note that this is still a 
point-wise result since it holds for each individual θ, and it 
is not by itself sufficient to prove our main result. Thus we 
require one additional intermediate result before proceeding 
to prove our main theorem.
Proposition 6  Given Assumptions 1-4. Let Φ, Φn : θ �→ R 
be defined as Φ(θ̄) := minθ∈Θ

{
E[φ(θ, Z )] : θ = θ̄

}
 and 

Φn(θ̄) := minθ∈Θ
{ 1

n
∑n

i=1 φn(θ, zi) : θ = θ̄
}

 respec-

tively. Then Φn
l−prob→

Θ
Φ, where the operator indicates that 

Φn  are a lower semi-continuous approximation in probabil-
ity to Φ across the entire parameter set Θ.

Note that this is a stronger global result across the entire 
parameter set Θ than the point-wise result in Proposition 
5. Moreover, note that the objective 1

n

∑n
i=1 φn(θ, zi) is 

equivalent to the objective function in (1) meaning Φ(θ) can 
be thought of as the value function of the training problem 
and Φ as the value function of the target problem. This prop-
osition implies that as we collect additional data, we have 
the proper form of epi-convergence between our empirical 
and traget problems. The full proof of this proposition is in 
the appendix, and relies on using the results of Proposition 5 
in conjunction with existing results from the convergence of 
stochastic optimization problems [55]. Combining this final 
result with properties of convergence of minima of stochastic 
optimization problems yields the main result of Theorem 3.

consistent, since if this is not the case then it would be 
impossible to learn a consistent policy.

With these assumptions in mind we will 
define our target optimization problem as 
Θ∗ = arg min

θ∈Θ
E[

∑
t∈T 1{s(X, θ) = t}ψ(Z)], where 

Z ∈ Z , and the expectation is taken with respect to the 
true probability law of the population, which we will call 
P0. Note that, Θ∗ ⊂ Θ is a set and not a single parameter 
since there could be multiple paramaeterizations for the 
optimal network structure. Without loss of generality, we 
are considering the case where counterfactual estimation 
is given by the doubly robust estimate, though in prin-
ciple our arguments will also hold for the direct and indi-
rect estimates. Our main result is showing the following 
theorem:

Theorem 3  Given Assumptions 1-4 and all parameter and 
modeling assumptions. For all ϵ > 0 , θ̂n  as computed by 
(1) satisfies:

lim
n→∞

P0(dist(θ̂n, Θ∗) > ϵ) = 0� (28)

Where for a point x and set S 
dist(x, S) := miny∈S ∥x − y∥.

To show this main result we will need to prove several 
intermediate results on the structure of the value functions of 
the target optimization problem and the training problem. For 
notational brevity let φ(θ, Z) =

∑
t∈T 1{s(X, θ) = t}ψ(Z) 

and φn(θ, Z) =
∑

t∈T 1{s(X, θ) = t}ψn(Z). Our first 
result will establish the continuity of these functions. 

Proposition 4  Under Assumption 3, the functions 
φ(θ, Z ), φn(θ, Z ) are lower semicontinuous for all pairs 
(θ, Z ) ∈ Θ × Z .

The full proof of this result can be found in the appendix. 
However, this proposition will follow from the construc-
tion of φ, φn as value functions of parametric MIP prob-
lems with the parameters appearing as affine terms in the 
constraints [54]. Lower semi continuity is a crucial prop-
erty since it ensures the closure of the epigraph of the value 
function, and is one of the conditions necessary to establish 
proper convergence of minima. Next we establish a point-
wise condition for the convergence of the empirical loss 
function to the target loss function.

Proposition 5  Given Assumptions 1-4. For any ϵ > 0  define 
Uϵ(θ) := {θ′ ∈ Θ : ∥θ′ − θ∥ < ϵ}. Then consider the fol-
lowing quantities:
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J-PT: To address the need for the assumptions on the 
depth of the perscriptive tree, Jo et al. [10] directly optimize 
the outcomes estimated with the IPW, DM or DR meth-
ods. The formulation proposed in their work follows as an 
adaptation of the weighted classification tree formulation 
introduced by Aghaei et al. [31] for the prescriptive setting. 
The J-PT is modelled as a flow graph with edges between a 
source node and the root of a binary tree, and the leaves of 
the tree and a sink node. We analyze experimental results 
for depth 1 and depth 2 trees to maintain consistency with 
the other prescriptive trees.

We use the CF as another model to benchmark our work 
in our numerical experiments. A description of the CF is 
given below.

CF: We benchmark against an adapted causal forest 
model proposed by Wager and Athey [8]. The original work 
estimates heterogeneous treatment effects using nonpara-
metric random forests. CF estimates the CATE by recur-
sively splitting the feature space such that training examples 
are close with respect to their treatments and outcomes, 
where the measure of closeness is identified by data points 
falling in the same leaf of the tree. Since CF does not explic-
itly prescribe treatments, we adapt the original method to 
use the sign of the estimated treatment effect for each indi-
vidual to assign treatments. In experiments with multiple 
treatment groups, we construct a pipeline to estimate the 
pairwise individual treatment effect and assign those treat-
ments which yield the largest outcome for each individual. 
Experiments on the CF model use the EconML package 
[59] with their default arguments, which builds 100 trees 
in the forest.

All experiments were run on a high throughput comput-
ing cluster systems allocated with 4 CPU Cores, 32GB of 
RAM, and 4GB of Disk Space, with Python version 3.9.5 
[60] and Gurobi Optimizer version 9.1.2 [61].

4.1  Experimental setup

We discuss the nature of the datasets used in our experi-
ments in this subsection. Since J-PT and PNN optimize over 
doubly robust objectives, we also provide insight into esti-
mating the propensity scores and counterfactual outcomes 
for each experiment.

4.1.1  Simulated data

The experiments with the simulated data were adapted from 
Athey and Imbens [24] for data simulation, and Jo et al. 
[10] for the experiment design. Given that we simulate the 
counterfactual outcomes, a synthetic dataset allows us to 
evaluate learned policies against the ground truth. We con-
sidered three models of varying feature sizes F . As given 

4  Numerical experiments on prescriptive 
problems

In this section, we evaluate the performance of the PNN 
in numerical experiments. We use experimental data from 
three settings: a synthetic dataset commonly used in litera-
ture introduced by Athey and Imbens [24], real-world data 
from a study on postpartum hypertension [57], and a data-
set for personalized warfarin dosing collected by the Inter-
national Warfarin Pharmacogentic Consortium [58]. We 
benchmark our methods against four state of the art models. 
These include prescriptive tree models from [6, 30], and 
[10] along with the causal forest approach from [8]. For 
brevity we refer to these methods as B-PT, K-PT, J-PT, and 
CF respectively.

Prescriptive trees are mixed-integer optimization frame-
works that learn policies for prescription problems that can 
be encoded as a binary decision trees. The notation used to 
describe each model follow from [10]. A limitation shared 
by all prescriptive tree models is the need for binary valued 
features as input parameters in the optimization framework. 
We provide a description of the prescriptive tree methods 
below.

K-PT: This model introduced by Kallus [6] is one of 
the first MIP models used to learn prescriptive trees. The 
formulation relies on producing trees by recursively parti-
tioning the covariates such that no feature falls under two 
partitions. Formally, given that L represents the set of leaf 
nodes and Xl denote the subset of covariate values for the 
data points collected in leaf l ∈ L, the model creates par-
titions X = ∪l∈LXl such that Xl ∩ Xl′ = ∅, l ̸= l′. A key 
assumption made to support the theoretical guarantees of the 
K-PT formulation is that depth of the trees are sufficiently 
deep such that the treatment assignment in the data and the 
covariates are independent at each leaf node. With respect 
to the experiments detailed in this section, our analysis is 
conducted on depth-1 and depth-2 trees, considering that the 
optimality gap of the K-PT model scales poorly with size of 
the tree (see Appendix D.1).

B-PT: [30] address some limitations of the K-PT model 
and provide a modified MIP objective that regularizes 
against high variance in the outcomes of the data points con-
ditioned on treatment assigned in each leaf. In particular, the 
authors include the term µ

∑n
i=1

(
Yi − ŶXl(i):l(i)∈L(ti)

)2
 

to the K-PT objective where µ ≥ 0 is an appropriately 
tuned hyperparameter. In our experiments, we found that 
the hyperparamter µ = 0.5 yielded strong results for the 
B-PT formulation, a consistent result with experiments 
conducted in Bertsimas et al. [30]. Again, our model is 
benchmarked against depth-1 and depth-2 B-PT models 
since these models scale poorly with deeper trres.
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one-hot encoded vectors. The one-hot encoded vectors were 
further transformed by converting xi(j+1) to 1’s if xij = 1 
for all j ∈ {1, .., 10} and for all xi ∈ X . We refer to these 
transformed covariates as adapted binarized covariates. 
The adapated binarized covariates were used for all three 
experimental designs for the prescriptive trees. To address 
the value that adapted binarization adds to the prescriptive 
tree formulations, we run one additional set of experiments 
on experimental design 1 with one-hot binarized covariates.

The PNN and J-PT models necessitate counterfactual 
outcome estimation. We utilize a doubly robust estimation 
model, where we consider linear regression and a lasso 
regression model to fit the counterfactual outcomes directly, 
and a decision tree and a logistic regression model to esti-
mate the propensity scores. The linear regression and deci-
sion tree models were found to be the best pair of models via 
a model selection regime that uses 10-fold cross validation 
for all simulated data and compares classification accuracies 
for each pair. The parameters for the linear regression and 
decision tree models were passed as arguments to the [8] 
causal forest model, which estimates the propensity score 
and counterfactual data internally. We also used 10-fold 
cross validation to tune ℓ0 and ℓ1 regularization hyperpa-
rameters for the PNN models.

4.1.2  Personalized postpartum hypertension treatments

We use prescriptive models to design treatment policies that 
minimize the maximum postpartum systolic blood pressure 
(SBP) at a patient-level. Hypertensive disorders are one of 
the leading causes of morbidity and mortality worldwide 
[62]. Approximately one third of morbidity and mortality 
occurs during the first six weeks postpartum. Partially, this 
is because pregnancies complicated by hypertensive dis-
orders will often have exacerbation of hypertension in the 
postpartum period that is likely secondary to a combination 
of mobilization of extravascular fluid as well as a persis-
tence of preeclampsia [62]. This can lead to elevations in 
blood pressure that are often described in the first 3 to 7 days 
postpartum [63]. Thus evaluating how different treatment 
policies effect SBP during this time period is a problem of 
significant importance to the obstetrics community.

The data comes from a retrospective cohort study from 
a single United States Midwestern academic center of all 
birthing persons who delivered from 2009-2018. The orig-
inal data set includes 32,645 deliveries, where 170 were 
readmitted in the postpartum period due to a hypertension-
related diagnosis [64]. A significant statistical difference 
was observed between the readmitted and non-readmitted 
groups concerning maternal age, gestational age at deliv-
ery, race, BMI, mode of delivery, and hypertension diag-
nosis. Patients in the readmitted group tended to be older, 

by Equation (31), the potential outcome for each indi-
vidual in the simulation Yi : RF × {0, 1} �→ R is a func-
tion of their covariates Xi ∼ N (0, 1) ∈ RF , where 0 and 
1 are F-dimensional vectors, and their assigned treatment 
ti ∈ {0, 1}:

Yi(t) = η(Xi) + 1
2

· (2t − 1) · κ(Xi) + ϵi� (31)

We define the mean effect by η : RF1⊆F �→ R and the 
treatment effect by κ : RF2⊆F �→ R, and introduce a noise 
term ϵi ∼ N (0, 0.01) independent of Xi. The three model 
designs we consider are as follows: 

1.	 F = 2; η(x) = 1
2

x1 + x2; κ(x) = 1
2

x1

2.	 F = 10; η(x) = 1
2

∑2
f=1 xf +∑6

f=3 xf ; κ(x) =
∑2

f=1 ⊮{xf > 0} · xf

3.	 F = 20; η(x) = 1
2

∑4
f=1 xf +

∑8
f=5 xf ; κ(x) =∑4

f=1 ⊮{xf > 0} · xf

Note that η and κ are functions mapped from subsets of fea-
tures. Furthermore, in designs 2 and 3, some features are 
not present in either function. Such a setup should help us 
assess the models’ ability to train over only those features 
that are relevant to the patient outcome. In designs 2 and 3, 
the treatment effect κ(x) is always non-negative, and so, not 
accounting for the noise, treatment ti = 1 always yields an 
outcome that is equal to or better than the outcome if treat-
ment ti = 0. The purpose of such a design is to test the reg-
ularization capabilities of complex learning models. Note 
that models that may be simpler, such as prescriptive trees, 
are more likely to design policies where every individual 
receives treatment ti = 1.

To simulate conditionally randomized treatments, we 
use varying parameter p ∈ {0.1, 0.25, 0.5, 0.75, 0.9} for the 
probability of correct treatment assignment. Marginally ran-
domized treatments are simulated at p = 0.5. We generate 5 
random datasets with a train:test split of 100:10,000 data-
points, and 5 with a train:test split of 500:10,000 datapoints 
for each p. We evaluate each model by taking the average 
Out-of-Sample Performance (OOSP) – the percentage of 
correct treatment assignments – over the 5 datasets. We also 
computed the root-mean-squared error (RMSE) of each 
model in our experiments. Our findings showed that the 
RMSE score yielded identical results to that of the OOSP. 
This is indeed expected for the binary treatment setting. 
The prescriptive tree models used as benchmarks neces-
sitate binary feature for a feature-based branching rule. 
Therefore, we transform the simulated real and continuous 
covariates into binary-valued features by discretizing them 
into deciles from a normal distribution and obtaining their 
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received. We designed three experiments with this dataset, 
all with the objective to estimate policies that minimize the 
maximum SBP and differ by the treatment conditions: (1) 
Blood pressure medication as a binary treatment condition, 
(2) Discharge day postpartum as an ordinal treatment condi-
tion, (3) Both blood pressure medication and discharge day 
postpartum.

Figure 1 depicts the characteristics of the three experi-
ments in the form of causal graphs. For experiments 1 and 2, 
we considered the alternate treatment condition as a covari-
ate (discharge day postpartum and blood pressure medica-
tions, respectively). We conducted experiments on a subset 
of the complete dataset to account for missing and incom-
plete data. Additionally, we discarded a single outlier – a 
patient who was not prescribed any blood pressure medi-
cation but was discharged on the 5th day postpartum – to 
address the case where experiment 3 sees only one patient 
with this treatment regime. The final dataset included 291 
individuals from whom we had at least 38 blood pressure 
measurements. The discharge day postpartum for every 
individual was transformed into 4 ordinal categories: {day 1 
or day 2, day 3, day 4, day 5+}. We performed 10-fold cross 
validation to tune the ℓ0 regularization hyperparameter for 
the PNN models. Finally, for the decision tree models, the 
continuous covariates in the dataset were discretized and 
transformed into adapted binarized covariates, and the cat-
egorical covariates were split into one-hot encoded binary 
vectors.

Due to the lack of counterfactual outcome information, 
and thus the lack of an optimal policy, a major challenge 
faced in prescription problems is to identify a meaningful 
metric for evaluating different policies. Root-mean-squared 
error and R2 score are not apt metrics as a notion of “error” 
cannot be clearly defined, since this error can only be com-
puted by truly knowing the counterfactual of the treatment. 
This is why these metrics can be used with controlled syn-
thetic experiments, but we require a different tact for real 
world data. Instead, we evaluate each model using the 
average performance of the learned policy π(s) over each 
experiment run with 10-fold cross-validation. We consid-
ered a logistic regression model with elastic net regression, 
a random forest regressor, and the multilayer perceptron 
regressor to estimate the counterfactual outcomes for these 
experiments and evaluated their performance using their 
root-mean-squared errors. To estimate the propensity scores, 
we fit a logistic regression model, decision tree classifier, 
and random forest classifier and evaluated them using their 
classification accuracies. We used 10-fold cross validation 
to conclude that the logistic regression models produced the 
best estimators for experiment types 1 and 2, with the ran-
dom forest regressor yielding better estimators was better 
for some cross-treatments in experiment 3.

delivered at an earlier gestational age, were more fre-
quently of Black race, had a higher BMI, underwent cesar-
ean delivery, and were more likely to have a diagnosis of 
chronic or pregnancy-induced hypertension. In the sample, 
9% of patients were diagnosed with hypertension, while 
the overall readmission rate was 0.5%. Patient demograph-
ics, blood pressure measurements, medication administra-
tion records, and laboratory results from multiple sources 
were consolidated after processing the raw data. Race and 
ethnicity were recorded in the medical chart based on the 
patient’s self-reported identity at the time of admission. 
Given their role in classifying and determining the severity 
of hypertensive disorders of pregnancy (HDP), laboratory 
results – including liver function tests, hemoglobin and 
platelet counts, creatinine levels, and urine protein mea-
surements – were included in the analysis. To assess blood 
pressure variations over time, the highest systolic blood 
pressure along with its corresponding diastolic measure-
ment were examined during three key periods: labor, 0–24 
hours postpartum, and 24–48 hours postpartum. These 
intervals were selected due to their potential significance 
in predicting hypertensive readmissions. To capture medi-
cation administration patterns, we derived binary (yes/
no) attributes for specific medications and their routes of 
delivery using electronic medical record (EMR) data. The 
medications analyzed included oral labetalol, intravenous 
labetalol, immediate-release oral nifedipine, extended-
release oral nifedipine, intravenous hydralazine, and oral 
ibuprofen. These features were extracted from detailed 
medication records for each patient’s medical registration 
number, including the name of the drug, administration 
time, dosage, and route. Because multiple entries existed 
for patients who received repeated doses, data organiza-
tion posed a challenge. Furthermore, a significant portion 
of medication data was missing, administration schedules 
varied widely, and not all patients received the same treat-
ments, adding complexity to the analysis.

Overall, this data set includes 67 features collected from 
individuals during specific milestones – baseline/pre-preg-
nancy through the prenatal period (first, second, and third 
trimesters, pre-admission period and the day of admission 
for delivery) and up to 42 days postpartum. Of the 67 fea-
tures, a subset of 18 were chosen as covariates (12 binary, 
3 categorical, and 3 continuous) after eliminating correlated 
features by consulting with domain experts. We refer to the 
Multimedia Appendix of Tao et al. [65] for further details 
on the feature importance analyses and the feature selection 
process. We considered two treatment conditions – whether 
or not the patient was prescribed blood pressure medication, 
and which day the patient was discharged postpartum. We 
take a patient’s maximum SBP postpartum to be a function 
of their covariates conditioned upon the treatment that they 
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experiment. Additionally, their performance is unperturbed 
by the probability of correct treatment assignment in the 
data. Furthermore, the PNN achieves a strong OOSP given 
a 100-sample training set as well as a 500-sample training 
set in the allocated time.

Panel A of Fig. 2 shows the experimental results of design 
1 when the covariates have the adapted binarization for 
the prescriptive trees. Panel B of Fig. 2 depicts the results 
for the same design, but with one-hot encoded binariza-
tion. These results show that the performance of prescrip-
tive trees are sensitive to different featurization of the data. 
While the best prescriptive tree model achieves an OOSP 
around 90% across all treatment assignments when the 
covariates are binarized to support feature splitting with the 
adapated binarization, the best prescriptive tree only yields 
a policy with a 70% OOSP when discretized into deciles 
without the featurization. These experiments also show that 
the performance of the causal forest model is dependant 
on to the probability of correct treatment assignment in the 
data, as the OOSP for this model tapers off at the 0.1 and 0.9 
probabilities. This means the causal forest designs policies 
that are stronger when the treatments in the data are mar-
ginally randomized, but are weaker with more conditionally 

4.2  Results

In this section, we analyze the results of the experiments 
conducted on simulated and real-world data. We build a 
PNN of depth 2 (one hidden layer, and one output layer) 
for every experiment. PNNs of widths (number of neurons 
in the hidden layer) 3 and 10 were benchmarked against 
the prescriptive tree formulations of Bertsimas et al. [30] 
(B-PT), Kallus [6] (K-PT), and Jo et al. [10] (J-PT), all 
with depths 1 and 2. Experiments on the Causal Forest (CF) 
model use the EconML package [59] with their default argu-
ments, which builds 100 trees in the forest. All approaches 
were allotted a run time of 1 hour.

4.2.1  Simulated data

A summary of the results of the three experimental designs 
for the simulated dataset can be found in Figs. 2 and 3. 
The complete table of results can be found in Appendix 
D.1. Results for the hyperparameter tuning can be found 
in Appendix D.2. The results of our experiments show that 
the PNN consistently matches or outperforms its bench-
marks both in terms of the OOSP and the RMSE in every 

Fig. 1  Causal Graphs Detailing the Covariates, Treatments, and Outcomes Along with their Causal Structures for the Three Hypertension 
Experiments
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the structure of the datasets. We see that the J-PT model 
with appropriate depths achieve the same policy as the 
PNNs and the causal forest when trained on a larger training 
set. However, there exists a larger variance in the perfor-
mance of the B-PT and K-PT models, implying limitations 
in identifying key branching features that support a treat-
ment-forward policy. Tables 3 and 4 in Appendix D.1 show 
that the policies designed by the B-PT and K-PT models 
have a standard deviation in the OOSP of up to 36.55% and 
16.16% respectively. The drop in performance of the B-PT 
model in the 500-sample training set plot of Panel B in Fig. 
3 is attributed to the fact that the policy was designed by the 
heuristic solution found by the solver; an optimal solution 
was not found in the allocated time limit.

4.2.2  Personalized postpartum hypertension treatments

The experiments for the hypertension datasets involved 
designing policies that reduce the maximum systolic blood 

randomized treatments. Additionally, the B-PT and K-PT 
formulations drop below a 50% OOSP when the probabil-
ity of correct treatment assignment approaches 0.9. That is, 
when the informed policy assigns the correct treatment to 
most patients, these trees design a policy that are akin to 
a random treatment assignment. Given that these models 
achieve a 0% optimality gap for these datasets, this drop is 
performance is likely attributed to a failure in branching on 
key features at the given depths.

Figure 3 shows the experimental results of designs 2 and 
3 on Panels A and B respectively, with the adapted binariza-
tion for the prescriptive trees. Recall that for these designs, it 
is easy to achieve a strong OOSP from a policy that assigns 
treatments liberally. In fact, the policies designed by the 
PNN and the causal forest are identical in each experiment 
for designs 2 and 3, with an average OOSP of around 85% 
and 95% respectively achieved by assigning treatments to 
everyone. Unsurprisingly, the depth 1 counterpart for each 
prescriptive tree model achieves a higher peak OOSP given 

Fig. 2  Results of the simulated dataset with experimental design 1. 
Panel A visualizes the results when the data is binarized using adapted 
encoding. Panel B visualizes the results when the data is binarized 

using one-hot encoded binarization. The left plots are policies learned 
from 100 datapoints and the right plots are policies learned from 500 
datapoints
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PNN model outperforms the decision tree and causal forest 
benchmarks with regards to the mean out-of-sample maximum 
SBP in every experiment while maintaining a low variance.

To further analyze the behavior of each model, we refer 
to Fig. 5. We observe that when a model has a smaller archi-
tecture, the policies they design are extremely treatment 
averse in experiment 1 (Panel A). We identify that the com-
plexity of these models is not high enough to capture the 
causal effect in the data. Note that the depth 2 decision trees 
design policies with a larger average maximum SBP than 
the depth 1 trees. This anomaly could be attributed to the 
fact that the K-PT and J-PT formulations do not regularize 
against overfitting. Furthermore, while the B-PT formula-
tion does incorporate a regularization term, the depth 2 vari-
ant exhibits a large average optimality gap at the time limit. 
We also note that the 10-width PNN was able to outperform 
all of the other models by designing a treatment policy that 
is more willing to prescribe the blood pressure medication.

pressure (SBP) of postpartum patients in the study. Since 
the counterfactual outcomes for the patients are unknown, it 
is difficult to evaluate and compare various policies. Hence, 
we computed the expected CATE of each policy. Note that 
we estimate the average CATE for the policy in the data 
using the doubly robust estimator to allow for an adjusted 
comparison of the learned policies against the policy in data. 
we used 10-fold cross validation to tune the ℓ0 regulariza-
tion hyperparameters for the PNN. Results for the hyperpa-
rameter tuning can be found in Appendix D.2.

Figure 4 provides a summary of the results including the 
confidence intervals for the three experiments. The complete 
experimental results can be found in Appendix D.1. Recall that 
the experiments differ in terms of how the treatment condition 
is defined: Experiment 1 considers whether or not a patient 
receives blood pressure medication, Experiment 2 considers 
the day a patient is discharged postpartum, and Experiment 
3 considers the cross-product of the two. We observe that the 

Fig. 3  Results of the simulated dataset with experimental design 2 and 
3. Panel A visualizes the results when the data is binarized using one-
hot encoding with the left learned from 100 datapoints and the right 

learned from 500 datapoints. Panel B visualizes the results when the 
data is binarized using adapted binarization with the left learned from 
100 datapoints and the right learned from 500 datapoints
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groups. Panel B of Fig. 5 additionally shows that the causal 
forest model recommends a highly risk-averse regiment, 
with the majority of the patients being discharged on or 
after day 4. Additionally, the J-PT trees are more inclined 
to discharge patients at day 3. Considering the performance 
of the J-PT trees and the PNNs, it can be interpreted that the 
majority of the patients benefit from being discharged on 
day 3 and day 4.

Panel B of Fig. 4 indicates that policies consider the dis-
charge day as the treatment for postpartum patients lead to a 
larger mean maximum SBP across all models. The B-PT and 
K-PT trees perform worse than the policy in data, and reveal 
a large variance, despite the B-PT formulation incorporating 
regularization. This may be explained by the large optimal-
ity gap in the depth 2 tree, and the notion that the depth 
1 was unable to regularize successfully with 4 treatment 

Fig. 4  Results of experiments on the hypertension dataset for out-of-
sample patients prescribed treatments based on policies learned by dif-
ferent models. Each panel displays the mean out-of-sample maximum 

systolic blood pressure. The left plots include the 90% confidence 
intervals and the right plots include the 95% confidence intervals
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their depth 1 counterparts, and that the B-PT depth 2 tree 
failed to achieve a small optimality gap to design a stronger 
policy.

Additionally, we conducted a paired hypothesis test to 
make statistically significant claims on the performance of 
each model. The results of the hypothesis test are presented 
in Fig. 6, which aims to provide a visualization that allows 
for a fair comparison of the models. The left subplots show 
the difference in the mean out-of-sample maximum systolic 
blood pressure (SBP) between each pair. The right subplots 
show the p-values of the paired hypothesis tests given the 
null hypothesis N0 : µrow − µcolumn = 0, where µrow is 

Panels C of Figs. 4 and 5 indicate the results of experi-
ment 3. The general trends of experiments 1 and 2 are seen 
to be present in experiment 3 as well, with the majority 
of smaller architecture models designing policies that are 
treatment-averse. Note that the 10-width PNN only suggests 
a treatment plan where patients receive no blood pressure 
medication, and are discharged either on days 1, 2 or 3. 
While this may seem irregular, the policy yielded the low-
est average maximum SBP. We also see that the J-PT trees 
maintain their affinity for discharging patients on day 3. 
We hypothesize that the lack of regularization explains the 
decline in performance of depth 2 trees in comparison with 

Fig. 5  Out-of-sample treatment assignments for policies learned by different models over the hypertension dataset. Each panel displays the number 
of patients who were prescribed each treatment
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demand policies that are fair and can be audited for indi-
vidual safety. Therefore, interpretability and accountability 
are highly desirable. In this section, we assess each model’s 
ability to discern important features in the personalized 
postpartum hypertension treatment assignment.

Analyzing the tree-based approaches is straightforward 
– features that are deemed more important are branched on 
higher in the tree. Given that we experiment on trees with a 
depth of at most 2, these models should therefore choose at 
most 3 features to branch on. Single-layer PNNs are simi-
larly straightforward to review – features consider more 
important have larger absolute weights, and less impor-
tant have weights closer to 0 along the arcs of the network. 
The inclusion of the ℓ0 regularization term in the objective 

the true mean of the model on the rows and µcolumns is 
the true mean of the model on the columns. PNNs design 
policies with a mean out-of-sample maximum SBP that is 
statistically significantly lower than its competitors’ policies 
at least one of the chosen architecture. We note that the large 
variance with the B-PT and K-PT models are translated here 
as relatively large p-values. Overall, our results show that 
PNNs statistically outperform other causal and prescriptive 
models in this setting.

4.3  Model interpretation

High stakes domains such as personalized medicine in the 
context of assigning treatments for postpartum patients 

Fig. 6  Paired results of experiments on the hypertension dataset for 
out-of-sample patients prescribed treatments based on policies learned 
by different models. Each panel displays paired evaluation of the vari-
ous models. The left heatmaps display the point differences of out-of-
sample mean maximum systolic blood pressure between pairs of mod-
els. Differences are taken as row - column. The right plots display the 

hypothesis tests on the differences of out-of-sample mean maximum 
systolic blood pressure between pairs of models. Smaller p-values 
favor models in the rows. Cool colors denote lower blood pressures 
(left) or smaller p-values (right). Axes values denote the model (PT 
depth/# of trees in CF/PNN width)
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experiments 1 and 2, discharge day postpartum and blood 
pressure medication are highly ranked, respectively. These 
observations align well with medical and clinical prefer-
ences previously described [57, 65, 67]. We also note that 
social characteristics such as insurance type is often ranked 
low by the PNNs. We see that the causal forest ranks similar 
features highly, with the birthing person’s age often con-
sidered most important. We also observe that the B-PT and 
K-PT models frequently consider features such as mode of 
delivery and prenatal BMI as important. However, the J-PT 
model finds it more challenging to identify medically rel-
evant features in experiment 1 and 2. We note that ethnicity 
and insurance are among the highest ranked feature by the 
depth 2 model in both experiments, which may be a concern-
ing since these attributes are generally considered protected. 
Note that the J-PT model appropriately identifies important 
features in experiment 3. This may be because correlations 
brought on by including the alternate treatments as covari-
ates are negated.

5  Managerial implications

From our case studies, our implementation of MIP-based 
ANNs does not only provide strong empirical performance, 
but also provides additional insights into how our frame-
work can be deployed in healthcare and business settings. 

1.	 The PNN framework yields consistently strong 
polices when given limited data and optimized over 
small networks. The policies designed by the PNN 
models used in the experiments consistently achieve 
the highest out-of-sample probability of correct treat-
ment assignment in the simulated experiments. More-
over, when used in the real-world case study of treating 
patients with hypertension during pregnancy and post-
partum, the PNN models result in the lowest average 
maximum systolic blood pressure postpartum when 
considering any of the proposed treatment conditions. 
In particular, the width 3 and width 10 models were 
consistently the two best performing models, with the 
best policy outperforming the policy in the data by 
7.62 mmHG (see Fig. 6) on average, in a statistically 
significant manner. When compared against other pre-
scriptive models, the width-10 PNN designed policies 
that resulted in lower point average maximum systolic 
blood pressure in every case. Moreover, results for 
the join treatment plan in experiment 3 showed a sta-
tistically significant improvement, with a p-value less 
than 0.05, against all but two models: the depth-1 J-PT 
(p-value=0.14) and CF with 100 trees (p-value=0.11). 
Additionally, the ability to supplement the PNNs with 

further motivates sparsity in the weights, making the model 
easier to interpret. However, the causal forest is much less 
straightforward to interpret. In order to analyze the policies 
designed by all the models on a level field, we turn to Shap-
ley Additive Explanations, or SHAP values [66]. We com-
pute the global SHAP values for the features in each model 
to interpret the prescriptive trees, causal forests PNNs.

To assess the policies designed by the 5 models in the per-
sonalized postpartum hypertension treatment experiments, 
we ranked the features by their SHAP values for each model. 
Since these experiments followed a 10-fold cross-validation 
regime, we observed 10 models with different policies. To 
gain a better understanding of these policies in general, the 
feature rankings were then averaged across these 10 models. 
Furthermore, since the prescriptive trees branch on at most 
3 features, those that were not chosen to branch on were 
given the lowest ranking. Recall now that the prescriptive 
trees optimize on a binarized feature space. To fairly com-
pare the PNN and CF models with the tree models, we took 
the minimum rank for each binarized feature as the reported 
rank. Finally, to account for varied number of features due 
the binarization, the rankings were normalized between 0 
and 1. We then subtract these normalized rankings from 1 
to maintain an intuitive representation of these rankings. So, 
features with a larger normalized rank are considered more 
important by the model. We note that rows with null values 
represent those models where only treatment was assigned 
in each fold of the cross-validation; due to this behavior, the 
results of the SHAP model are inconclusive for these cases.

We now analyze the models based on their feature rank-
ings. Tables 16-18 in Appendix D.3 display these rankings 
for the three experiments. There is a paucity of predictive 
learning (either utilizing regression methods or machine 
learning models that have been published) on hyperten-
sion related postpartum readmission. There are two related 
papers, one by Hoffman et al. [67] and one by Tao et al. 
[65]. In [67], though variables used in the model are dif-
ferent, the key features identified are similar to our blood 
pressure specific results. In the models of Tao et al. [65], 
systolic BP in the first 24-48 hours and systolic BP expo-
nential moving average (EMA) change were identified as 
the most important features in the model. Additionally, dia-
stolic BP postpartum was important in both models. Lastly, 
weight was important, however in Tao et al. [65]’s modeling 
pre-pregnancy BMI was a strong feature. If a prescriptive 
method operates effectively, the features it selects for use in 
its policy ought to agree with these findings.

We see that the features that are commonly ranked highly 
in the PNNs are prenatal BMI, chronic hypertension, mode 
of delivery, gestational hypertension, gestational age, and 
preeclampsia, notably all blood pressure and weight based 
features as was found in the prior literature. Additionally, in 
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4.	 MIP-based models face some computational limi-
tations. While PNNs with small architectures achieve 
small optimality gaps within the 1-hour time limit, 
those with large architectures may face runtime limita-
tions (see Tables 1-6). This limitation is also observed 
in our experiments on warfarin dosing as the models 
are trained with a large number of features in this data-
set. However, among the MIP-based models, PNNs are 
favorable over tree-based models because the latter can 
be trained with continuous features which do not need 
to be discretized into multiple additional features. In 
general, it is important for practitioners to consider the 
scale of their problem when implementing large-scale 
MIP-based prescriptive models.

6  Conclusions

Our work presents the effectiveness of 0-1 neural networks in 
addressing the challenges of personalized decision-making, 
particularly in healthcare domains. By using mixed-integer 
programming and counterfactual estimation, prescriptive 
networks offer a valuable tool for optimizing treatment 
policies when limited patient data is available. The ability 
to encode complex policies while remaining interpretable 
sets the PNN apart from existing approaches that employ 
decision trees. The results obtained from both synthetic data 
experiments and the real-world case study of postpartum 
hypertension treatment assignment provide compelling evi-
dence of the advantages offered by prescriptive neural net-
works towards improving healthcare outcomes.

Appendix A MIP ANNs and prediction

A.1 ANNs for prediction: Negative log likelihood loss

A common loss for prediction is the negative log likelihood 
loss (NLL), in this section we will present a MIP formula-
tion for this loss in the case of classification.

Our goal is to represent Equation (1) in terms of a set of 
linear constraints and linear objective function such that our 
ANN makes predictions on data given disjoint classes. Note 
that the Lth layer outputs are the only ones that interact 
directly with the loss function, so we focus on these decision 
variables and leave the discussion of the model parameters 
when considering individual unit activations. The loss func-
tion proposed by Toro Icarte et al. [17] is motivated by maxi-
mizing the neuron margin, akin to Support Vector Machines. 
However, max-margin models are known to under-perform 
on noisy data with overlapping classes [68]. Other prediction 

a regularization term leads to lower policy variance and 
smaller confidence intervals across replications. The 
PNN models also have a better capacity to personal-
ize treatment as opposed to some other models which 
tended to provide one treatment to a majority of patients 
(see Panels B and C in Fig. 5).

2.	 Methods that rely on supplementary models for 
estimating counterfactual outcomes are sensitive to 
accuracy of those models. Our experiments on warfa-
rin dosing suggest that accuracy of the inverse propensity 
weighting method and direct method for estimating coun-
terfactual outcomes significantly affect the performance 
of the policies of the models that optimize using the 
doubly robust estimator. In particular, given the warfarin 
dataset (see Appendix C), the logistic regression model, 
which was deemed the best propensity score estimator 
via cross-validation, had an average accuracy of 66.77%. 
Similarly, the elastic net model, which was the best direct 
estimator, yielded an average root-mean-squared error of 
2.056. Given that the policy in the data was ascertained to 
be optimal, our results show that the models that optimize 
over the estimated counterfactual outcomes designed sub-
optimal policies. It is therefore key for decision-makers to 
to consider such limitations when using such prescriptive 
models with any dataset as they be highly sensitive to the 
performance of the estimation models.

3.	 The PNN is more likely to identify medically reli-
able features then other prescriptive methods. The 
need to design interpretable policies to solve complex 
problems gives rise to a tradeoff for prescriptive mod-
els. When we have strong counterfactual estimations, 
a smaller neural network can provide better interpret-
ability on the policies that are designed. Additionally, 
given that MIP models can be used solved to small 
optimality gaps when used to trained networks with 
smaller architectures, these interpretable policies also 
yield optimal outcomes. The PNN therefore achieves 
a strong tradeoff since it a complex yet parsimonious 
training model. As seen in Tables 16-18, PNNs identify 
key patient characteristics, such as prenatal BMI and 
chronic and gestational hypertension as confirmed by 
our clinical collaborator, and appropriately weigh these 
features in designing its policy. These results were con-
sistent across all of the experimental designs for these 
experiments. In comparison, we observe that some 
benchmarked models consider fail to identify medically 
reasonable features and instead consider social fea-
tures such as ethnicity and insurance in their treatment 
assignments. The interpretability of small PNNs allows 
for medical professionals and policy-makers to work 
with this learning models to consider the best approach 
for assigning treatments.
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that no two units in the output layer are equal. So, we intro-
duce the binary variables ri,j,j′ ∈ B to define Constraints 
(32) and (33) as big-M constraints.

Considering that the soft-max activation of the output 
layer is captured by the objective function, we reformulate 
Constraint (4) as:

hi,j,L ≤
K∑

k′=1

(zi,k′,j,L) + βj,L � (A6)

hi,j,L ≥
K∑

k′=1

(zi,k′,j,L) + βj,L � (A7)

Constraints (34) and (35) guarantee that the output of the final 
layer is the linear combination of the units of the activated 
outputs of the penultimate layer summed with the bias term.

A.2 Numerical experiments on prediction problems

We now evaluate the MIP formulation for training ANNs 
through empirical experiments for prediction problems. We 
aim to show value of incorporating a negative log likelihood 
loss into the MIP formulation. For the prediction problems, 
we benchmark against the Stochastic Gradient Descent 
algorithm with momentum and adaptive learning rates with 
both binary activations and ReLU in the hidden layer. The 
SGD models were fit with Cross Entropy Loss which incor-
porates a negative log likelihood loss over the sigmoid acti-
vation in the output layer [73]. Experiments were done over 
a subset of the MNIST dataset [74] in the few-shot learning 
set-up [75]. All experiments were run on a high through-
put computing cluster systems allocated with 4 CPU Cores, 
32GB of RAM, and 4GB of Disk Space, with Python ver-
sion 3.9.5 [60].

A.2.1 Experimental setup

We use the MNIST handwritten dataset [74] to evaluate our 
model’s performance in the image recognition problem. The 
images in this dataset include labelled handwritten digits 
from 0 through 9 in a grey-scale 28 × 28 pixels resolution. 
We design the experiments as a few-shot learning problem 
by taking a subset of the labels and images for training; in 
these experiments, we consider images labeled as 2 or 7, 
and sampled 100 images for training and 1000 images for 
testing. Sampling was conducting with 5 seeds and without 
replacement between the training and testing sets to evaluate 
the average out-of-sample testing accuracy of each model. 
As a result, each model was given 100 reshaped images 
of size 28 × 28 = 784 and was asked to learn to predict 
dichotomous labels.

objectives that have been proposed in the literature are ℓ0 or 
ℓ1 losses that can be straightforwardly formulated through 
MILP linearization techniques [48, 69]. However, in prac-
tice a common loss function used for training ANNs in 
prediction tasks, is the negative log likelihood applied to 
a soft-max distribution [70]. Such a loss can be considered 
analogous to minimizing the log likelihood of a multinomial 
distribution across the classes in J, thus outputting a predic-
tive distribution over the classes. This loss is particularly 
appealing as it harshly penalizes incorrect predictions and is 
numerically stable [25, 70]. The equation for the soft-max 
activation function for the output of the final layer hi,j,L 
is φ(hi,j,L) = exp(hi,j,L)∑

j′∈J
exp(hi,j′,L)

, and the resulting negative 

log likelihood loss is − log(
∏n

i=1(φ(hi,j,L)1[Yi=j])). We 
reformulate this loss using the following result:
Proposition 7  The negative log likelihood loss applied to 
the soft-max activation − log(

∏n
i=1 (φ(hi,j,L)1[Yi=j])) is 

within a constant additive error of the optimal value of the 
following linear optimization problem:

min
hi,j,L,ωi

{ n∑
i=1

∑
j∈J

1[Yi = j](ωi − hi,j,L)� (A1)

: ωi ≥ hi,j′,L, j′ ∈ [J ]1, i ∈ [n]1
}

� (A2)

Here we present a brief sketch of the proof, for 
the detailed proof of this proposition see Appendix 
B. The main insight used is the fact that the function 
log

∑n
i=1 exp(Xi) = Θ(maxi∈[n]1 Xi) [71], where Θ is the 

Big Theta notion that characterizes the function log
∑

exp 
to be bounded asymptotically both above and below by the 
max function [72], and the fact that the minimization of a 
maximum can be written using linear constraints [48].

We note that for the output of the final layer to give a 
unique prediction with the negative log likelihood soft-max 
loss, we need add constraints which force the optimization 
problem to assign diverse values to hi,j,L, ∀ i ∈ [n]1, j ∈ J :

ωi ≥ hi,j,L � (A3)

hi,j′,L − hi,j,L ≤ −ϵ + Mri,j,j′ , ∀ j, j′ ∈ [J ]21, j ̸= j′ � (A4)

hi,j′,L − hi,j,L ≥ ϵ − M(1 − ri,j,j′), ∀ j, j′ ∈ [J ]21, j ̸= j′ � (A5)

These constraints can be thought of as diversifying con-
straints, since without them the loss would be minimized by 
setting all the outputs of the final layer, hi,j,L to be equal. 
However, owing to the fact that no data point can be labeled 
with multiple classes, we require unique unit outputs. Con-
straints (31) forces ωi to be the max of the components of 
the output vector. Finally, Constraints (32) and (33) ensure 
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in performs. Additionally, we see that when we use the 
ReLU activation function in the hidden layers for the SGD 
approach, the model fails to perform better than random. 
In fact, our experiments showed that the performs of the 
ReLU model improves when we train over deeper neural 
networks; considering the few-shot learning setting, how-
ever, the binary models were able to yield results better than 
random classification with much more parsimonious neural 
networks. We find that these results are consistent with that 
which is observed by [17, 18, 20].

Appendix B Proofs

B.1 Proof of Proposition 1

Proof  There are two key challenges for the reformulation 
of Constraints (2),(3),(4) first is the binary activation func-
tion itself and second are the bi-linear terms present in the 
hidden and output layers. Without loss of generality, let us 
consider a particular unit in the neural network such that 
hn,k,ℓ = 1[

∑K
k′=0 αk,k′hk′,ℓ + βk,ℓ ≥ 0]. First let us con-

sider the case of the binary activation. This condition can be 
modeled as a disjunction [see, for example, 48, 49], a form 
of constraint that can be reformulated as follows:

K∑
k′=0

αk,k′hk′,ℓ + βk,ℓ ≤ Mhn,k,ℓ � (A8)

K∑
k′=0

αk,k′hk′,ℓ + βk,ℓ ≥ ϵ + (−M − ϵ)(1 − hn,k,ℓ) � (A9)

Where M is a sufficiently large constant, and ϵ is a 
small constant. Next let us consider the bi-linear terms 

The baseline SGD with momentum models were trained 
on 50, 000 iterations, an initial learning rate = 0.1, a con-
stant learning rate decay = 0.5 every 10, 000 steps, an ini-
tial momentum = 0.5, and final momentum = 0.95. These 
hyperparameters were fine tuned through cross-validation 
for both binary and ReLU activation models. Finally, we 
used cross-validation to fine tune the ℓ0 regularization term 
in the objective of the MIP ANN model. The results of the 
cross-validation experiments showed that not having a regu-
larization term yields the best performance for this experi-
mental design.

We assess the performance of the MIP, SGD-Binary and 
SGD-ReLU ANNs over a series of architectures, reported 
in the form (number of hidden layers, number of neurons): 
(1,3), (1,5), (1,10), (2,3), (2,5), (2,10), (3,3), (3,5), (3,10). 
The results of such a neural network architecture search are 
reported in this section to better understand the settings in 
which a MIP-based training regime serves as viable alterna-
tive to SGD.

A.2.2 Results

We analyze the results of the prediction problem experi-
ments conducted over the 2-Digit MNIST datasets in this 
section. All approaches were allotted a run time of 1 hour.

Figure 7 shows a summary of the results averaged over 
the 5 seeds. The full experimental results can be found in 
Appendix D.1. We observe that the MIP-based training 
approach outperforms the SGD training approaches in all 
but one ANN architectures when considering the average 
final testing accuracy. On average, the MIP-based ANN 
with 3 hidden layers with 3 neurons in each hidden layer 
yielded the best final testing accuracy at 90%. For the 3 hid-
den layers and 10 neurons architectures, we found that the 
MIP model was unable to solve to optimality in the allo-
cated time limit, due to which we associate the deterioration 

Fig. 7  Average Final training (left) and testing (right) accuracies of the three prediction ANNs over the 2-Digit MNIST dataset
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[48]. In conjunction with removing the constant terms that 
do not depend on ωn, {hn,j′,L} yields the desired result. □

B.3 Proof of proposition 2

Proof  Given that we are in the dichotomous treatment case, 
Farrell et al. [28] gives us the following estimators for causal 
parameters for the full-population averages:

τ̂ = En[ψ̂1(zi) − ψ̂0(zi)] � (A18)

π̂(s) = En[s(Xi)ψ̂1(zi) + (1 − s(Xi))ψ̂0(zi)] � (A19)

We can generalize Equation (47) for more than two treat-
ments by incorporating the indicator function such that the 
function returns 1 if the policy outcome matching the treat-
ment and 0 otherwise:

π̂(s) = En[
∑
t∈T

1{s(Xi) = t}ψ̂t(zi)] � (A20)

Considering that the output of the MIP-ANN from Proposi-
tion 1 with constraint (27) gives us one-hot encoded vec-
tor where the node associated with the assigned treatment 
equals 1 and all other nodes are 0, this is precisely the indi-
cator function we use in Equation (48). Thus, maximizing 
over this function under the parameters zi given in the data, 
we arrive at the desired objective

max 1
n

n∑
i=1

∑
t∈T

hi,t,Lψ̂(zi)t� (A21)

Where hi,t,L is the tth node of the output layer for the ith 
individual in the vector output by the ANN.

The proof of the objective given a baseline policy s0, 
given by Equation (26), follows identically as above. □

B.4 Proof of proposition 4

Proof  We note that the argument for the lower semi-conti-
nuity of φn(θ, Z) and φ(θ, Z) is essentially the same so we 
will focus on showing φ(θ, Z) is lower semi-continuous.

Using the result of Propositions 1-2, we can see that 
φ(θ, Z) can be expressed as the value function of a spe-
cial case of the formulation with n = 1 and ψ̂ replaced with 
ψ. In particular, suppose that θ = ({αθ

d,k,0,αθ
k′,k,ℓ,α

θ
k′,t,L}

∀k,k′∈[K]1,ℓ∈[L−1],{βθ
k,ℓ}∀k∈[K]1,ℓ∈[L]), then: 

φ(θ, Z) = min −
∑
t∈T

ht,Lψ(Z)t � (A22)

αk′,k,ℓhk′,ℓ−1. Here we note that αk′,k,ℓ ∈ [αL, αU ] is a 
continuous valued variable, while hk′,ℓ−1 ∈ B is binary 
valued. This type of product can be reformulated though a 
standard technique by introducing an additional binary vari-
able zn,k′,k,ℓ = αk′,k,ℓhk′,ℓ−1 then these products can be 
written as:

zn,k′,k,ℓ ≤ αk′,k,ℓ + M(1 − hn,k′,ℓ−1) � (A10)

zn,k′,k,ℓ ≥ αk′,k,ℓ − M(1 − hn,k′,ℓ−1) � (A11)

− Mhn,k′,ℓ−1 ≤ zn,k′,k,ℓ ≤ Mhn,k′,ℓ−1 � (A12)

where again M is an appropriately picked sufficiently large 
constant. Using these reformulations where appropriate and 
making the necessary variable substitutions results in the 
formulations presented above. □

B.2 Proof of proposition 7

Proof  First, we can explicitly write the negative log likeli-
hood as:

− log(
N∏

n=1
(σ(hn,j,L)1[yn=j])) = � (A13)

−
N∑

n=1
1[yn = j] log

( exp(hn,j,L)∑
j′∈J exp(hn,j′,L)

)
� (A14)

= −
N∑

i=n

1[yn = j](hn,j.L − log
∑
j′∈J

exp(hn,j′,L)) � (A15)

Here we note that the expression 
log

∑
j′=J exp(hn,j′,L) = Θ(maxj′∈j hn,j′,L) [71]. Thus 

using this fact we obtain:

(43) ≤ −
N∑

n=1
1[yn = j](hn,j,L

− max
j′∈J

{hn,j′,L} − log(|J |))
� (A16)

=
N∑

n=1
1[yn = j](max

j′∈J
{hn,j′,L}

− hn,j,L + log(|J |))
� (A17)

Using the other side of the big Θ condition yields that 
(43) ≥

∑N
n=1 1[yn = j](maxj′∈J{hn,j′,L} − hn,j,L). If 

we let ωn = maxj′∈J{hn,j′,L} we can use standard formu-
lation techniques to reformulate it using linear constraints 
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Maximum Theorem [76, 77] in conjunction with the results 
from Ralphs and Hassanzadeh [54] implies that φ(θ, Z) is 
lower semi-continuous on the domain Θ × Z . As previ-
ously mentioned a similar reformulation argument can be 
used to show that φn(θ, Z) is also lower semi-continuous 
on the domain Θ × Z . □

B.5 Proof of proposition 5

Proof  To proceed with the proof, note that by construc-
tion of the training problem in (1) (and thus by extension 
its reformulation as a MIP), the problem will be feasible 
for any θ ∈ Θ, this means that the first conditions of the 
proposition are all satisfied. Thus we proceed to show the 
convergence result.

To prove that Hϵ(θ, ·) is a lower semi-continuous 
approximation to Hϵ(θ) we will first need to show that for 
any given sequence of data, the two quantities converge in 
probability. Then we can use the result of Proposition 4 in 
conjunction with Proposition 5.1 from Vogel and Lachout 
citevogel2003continuous to turn this initial point-wise con-
dition into a global condition over the set of all possible data 
observations.

Thus we proceed to show the point-wise convergence in 
probability to complete the proof. Using the formal defini-
tion of convergence in probability our goal is to show that 
|Hϵ

n(θ, Z) − Hϵ(θ)| p→ 0. Since the data observations are 
i.i.d. and Hϵ

n is constructed using an arithmetic mean we 
have the following relationship:

E[Hϵ
n(θ, Z)] = 1

n

∑n
i=1 E[infθ′∈Uϵ(θ) φn(θ′, zi)]

= E[infθ′∈Uϵ(θ) φn(θ′, Z)]. � (A34)

The last equality follows from the i.i.d. assumption. We can 
thus upper bound our target expression using the triangle 
inequality:

|Hϵ
n(θ, Z) − Hϵ(θ)| ≤ |Hϵ

n(θ, Z) − E[ inf
θ′∈Uϵ(θ)

φn(θ′, Z)]|
︸ ︷︷ ︸

(a)
+ |E[ inf

θ′∈Uϵ(θ)
φn(θ′, Z)] − Hϵ(θ)|

︸ ︷︷ ︸
(b)

� (A35)

First consider expression (b), by Assumption 4 this expres-
sion must converge in probability to zero. Thus if we can 
show that expression (a) also converges in probability to 
zero we can apply Slutsky’s theorem to complete the proof 
[56].

Observe that by assumption ∀Z ∈ Z  we have 
that | infθ′∈Uϵ(θ) φn(θ′, z)| ≤ diam(Y), where 
diam(Y) = max{|y − y′| : y, y′ ∈ Y}. Therefore both E
[infθ′∈Uϵ(θ)φn(θ′, Z)]<∞ and Var(infθ′∈Uϵ(θ)φn(θ′, Z))

subject to: (3) − (13) � (A23)

∑
t∈T

ht,L = 1 � (A24)

αd,k,0 = αθ
d,k,0, αk′,k,ℓ = αθ

k′,k,ℓ,

αk′,t,L = αθ
k′,t,L, ∀k, k′ ∈ [K]1, ℓ ∈ [L − 1]

� (A25)

βk,ℓ = βθ
k,ℓ, ∀k ∈ [K]1, ℓ ∈ [L]. � (A26)

 While this formulation is integer linear for fixed Z or θ note 
that the way the input layer is processed by Constraints (6) 
results in bi-linear terms from the products αd,k,0Xd. How-
ever using Assumption 3 we can reformulate these products 
to remove the bi-linearity. Let us index the elements of set A 
as follows: A = {α1, α2, ..., αm}, then let us define a new 
set of binary variables νi,k,d ∈ B and new continuous vari-
ables z0

d,k,i, z0
d,k ∈ R for i ∈ {1, ..., m} and we can rewrite 

(6) as:
∑
d∈F

z0
d,k + βk,0 ≤ Mhk,0 ∀k ∈ [K]1 � (A27)

∑
d∈F

z0
d + βk,0 ≥ ϵ + (−M − ϵ)(1 − hk,0) ∀k ∈ [K]1 � (A28)

− M(1 − νi,k,d) + αixd ≤ z0
d,k,i ≤ αixd + M(1 − νi,k,d),

∀i ∈ [m]1, d ∈ F , k ∈ [K]1
� (A29)

− Mνi,k,d ≤ z0
d,k,i ≤ Mνi,k,d,

∀i ∈ [m]1, d ∈ F , k ∈ [K]1
� (A30)

m∑
i=1

νi,k,d = 1, ∀k ∈ [K]1, d ∈ F � (A31)

m∑
i=1

z0d, k, i = z0
d,k, ∀k ∈ [K]1, d ∈ F . � (A32)

Finally we can reformulate the first portion of (50d) with 
respect to νi,k,d as:

m∑
i=1

αiνi,k,d = αθ
k,d, ∀k ∈ [K]1, d ∈ F . � (A33)

Since these reformulations imply that the corresponding 
optimization problem to φ(θ, Z) depends on θ, Z only as 
affine terms in the constraints and a continuous function in 
the objective, and that this optimization problem is a mixed 
integer linear minimization problem applying Berge’s 
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on receiving said dose [58]. The therapeutic warfarin doses 
reported in the dataset are the optimal stable doses for each 
patient, found by controlled experimentation conducted by 
physicians, which allows us to compare the learned poli-
cies’ performances against the true optimal policy given. 
For our analysis, we remove patients that had missing 
entries in any of the covariates listed above. The final data-
set included patient information for 3398 individuals. We 
used a discretization of the dosage as the treatment, as is 
standard with literature that study the same dataset [6, 10, 
30, 58]: ti = 0 (≤ 3 mg/day), 1 (> 3 and < 5 mg/day),
2 (≥ 5 mg/day). As for the observed outcome, we con-
sider the absolute different between INR on Reported Ther-
apeutic Dose of Warfarin from Target INR. Any continuous 
covariate was binarized and any categorical covariate was 
split into one-hot encoded binary vectors for the prescrip-
tive tree models. Furthermore, we performed the data impu-
tation steps recommended by Consortium [58]. The dataset 
was finally split on 5 random seeds with a 70:30 train:test 
ratio. We used a 5-fold cross validation scheme to fine-tune 
the ℓ0 regularization hyperparameter for the PNN models.

In order to estimate the propensity scores for treatments 
in this dataset, we used 10-fold cross validation to evalu-
ate logistic regression models, decision trees and random 
forests. Similarly, to estimating the counterfactual outcomes 
for patients in the dataset and compare elastic net rergessors, 
random forests and multilayer perceptrons. We conclude 
that the logistic regression is ideal to estimate the propensity 
scores, and that elastic net is best for estimating the counter-
factual outcomes of the patients.

The policies constructed by each prescriptive model are 
evaluated using π(s), where a function output closer to 0 
corresponds to a policy where most patients were prescribed 
a dosage that led to their INR being close to their target INR. 
The results reported in the following section are the aver-
ages of π(s) over the 5 seeds.

C.2 Results

We present a summary of our results for the personalized 
warfarin dosing experiments in Figs. 8 and 9 and a complete 
table of results can be found in Appendix D.1.

Recall that in these experiments, the models work to 
find the optimal warfarin dosing policy such that the differ-
ence between an individual’s target INR and their INR post 
receiving warfarin is minimized. We see that both figures 
indicate that every learning model outperforms the policy in 
the data evaluated with the doubly robust estimand for the 
counterfactual outcome. However, we know that the policy 
in the data contains the true optimal dosage for each patient. 
We note that the best performing models in Figures 8 and 
9, the CF, J-PT and PNN, are those models that incorporate 

< ∞, which means we can apply Kolmogorov’s law of 
large numbers [56] to obtain that (a) must indeed converge 
in probability to zero. □

B.6 Proof of proposition 6

Proof  Since the results of Proposition 5 hold ∀θ ∈ Θ and 

∀ϵ > 0, we have that by Theorem 3.2 from [78] 
Φn

l−prob→
{θ}

Φ, 

that is it is a point-wise lower semi-contin
uous approxima-

tion in probability ∀θ ∈ Θ. Note that as a direct consequence 
of Proposition 4 both Φ, Φn are lower semi-continuous func-
tions of θ since semi-continuity is preserved under addition 
and multiplication by positive scalars. Thus applying Propo-
sition 5.1 from [55] proves the desired result. □

B.7 Proof of theorem 3

Proof  Because Proposition 6 implies that the empirical 
training problem’s value function is a lower semi-continu-
ous approximation in probability to the target problem, we 
can apply Theorem 4.3 from [55] to obtain the main result 
of the proposition. □

Appendix C Prescriptive ANN experiments 
on warfarin dosing

C.1 Experimental setup

We now employ the prescriptive models to learn personalized 
warfarin dosing. Warfarin is an oral anticoagulant prescribed to 
reduce the risk of blood clots. While its usage is commonplace, 
prescribing the appropriate dosage can be difficult because an 
individual’s response to the anticoagulant varies greatly based 
on their genetic, clinical, and demographic characteristics [58].

We use the publicly available dataset curated by the 
International Warfarin Pharmacogenetics Consortium and 
published by the Pharmacogenetics and Pharmacogenomics 
Knowledge Base. The dataset comprises of information for 
5700 individuals including single nucleotide polymorphisms 
(SNPs) in genes for cytochrome P450 2C9 (CYP2C9) and 
vitamin K epoxide reductase (VKORC1), genetic infor-
mation known to correlate with warfarin requirements, 
demographic information such as gender, race, and age, 
medical information such as which medication they were 
on at the time of the study and their reason for receiving 
warfarin as a treatment, treatment information regarding 
the patient’s target international normalised ratio (INR), the 
therapeutic dose of warfarin, and whether or not their INR 
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differences for every pair is within ±0.35, and so, given 
the typical therapeutic INR range, the policies produced by 
every model are relatively similar to the optimal policy in 
the data.

These results shed light on the limitations of the doubly 
robust estimation technique, and the models that utilize 
it their optimization problem. We also observed that the 
3- and 10-width PNN models terminated with an aver-
age of 74.6% and 92.78% optimality gap, respectively. 
This means PNNs would require addtional computational 
resources to provide effectiver policies given the high-
dimensional feature vector and the large number of sam-
ples in this setting. Considering that the performance of 
the PNN models are competitive given current resources, 
we expect even stronger performance when additional 
resources are available.

the doubly robust estimator in their optimization problem. 
By minimizing over this estimate, these models heavily 
rely on the doubly robust estimator in estimating the coun-
terfactual outcomes in the data. In this case, while a logis-
tic regression model yielded the best score for estimating 
the propensity scores in our cross-validation regime, the 
accuracy of the model was still only 66.77%. Similarly, the 
root mean squared error of the elastic net model that was 
used to estimate the counterfactual outcomes with the DM 
method was 2.0558 on average across the three treatments 
(the typical effective therapeutic INR range for individuals 
taking warfarin is between 2.0–3.0 and 2.5–3.5 [79]). This 
observation is maintained considering that the B-PT and 
K-PT models estimate the counterfactual independent from 
the doubly robust estimation model. Nevertheless, the left 
plot in Fig. 9 indicates that the paired out-of-sample mean 

Fig. 9  Paired results of experiments on the warfarin dataset for out-
of-sample patients prescribed treatments based on policies learned by 
different models. Each panel displays paired evaluation of the various 
models. Left display the point differences of out-of-sample average 
outcome. Differences are taken as row - column. Right displays the 

hypothesis tests on the differences of out-of-sample average outcome 
between every pair of models. Smaller p-values favor models in the 
rows. Cool colors denote lower blood pressures (left) or smaller p-val-
ues (right). Axes values denote the model (PT depth/# of trees in CF/
PNN width)

 

Fig. 8  Results of experiments on the warfarin dataset for out-of-sample 
patients prescribed treatments based on policies learned by different 
models. The plots display the average outcome. The left plot include 

the 90% confidence intervals and the right plot include the 95% con-
fidence intervals
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Neurons in Each Layer). So, for example, (2,10) indicates 
2 hidden layers with 10 neurons in each layer.

D.2 Hyperparameter tuning results for prescriptive 
neural networks

This sections provides the complete experimental results 
of the hyperparameter tuning conducted for the PNN 
models simulated, postpartum hypertension, and war-
farin dosing experiments. These hyperparameters were 
tuned with a 10-fold cross validation set-up, where we 
considered λ ∈ {0, 0.01, 0.1, 1, 10}. The hyperparameter 
with the best out-of-sample probability of correct treat-
ment assignment or π was chosen for the final experi-
ments. The tables are set up in this section are similarly 
to the previous section.

D.2.1 Simulated data

Please see Tables 8-13.

D.2.2 Personalized postpartum hypertension 
treatment

Please see Table 14.

D.3 Model interpretation results

In this section, we provide the complete results of the model 
interpretation analyses.

D.3.1 Personalized postpartum hypertension 
treatments

For the postpartum hypertension experiments, we ranked 
the features by their SHAP values for each model. To 
account for the 10 cross-validation folds, these rankings 
were then averaged. Since the prescriptive trees branch on 
at most 3 features, those that were not chosen to branch on 
were given the lowest ranking. Recall that the prescrip-
tive trees optimize on a binarized feature space. To fairly 
compare the PNN and CF models with the tree models, 
we took the minimum rank for each binarized feature as 
the reported rank. Finally, to account for varied number of 
features due the binarization, the rankings were normal-
ized between 0 and 1.

The feature names in Tables 16-18 correspond to the 
demographic and medical characteristics Table 15.

Appendix D Additional experimental results

In this section, we provide additional experimental results 
that supplement our analysis.

D.1 Complete experiment results

D.1.1 Simulated data

The table in this section display the average out-of-sam-
ple probability of correct treatment assignment, average 
optimality gap, and average running time in seconds of 
the models in the simulated data experiments. The aver-
ages are taken over the 5 seeds in the experiments, with 
the standard deviation given parenthetically. The results 
of experiments with 100 and 500 training points are 
included.

D.1.2 Personalized postpartum hypertension 
treatments

Here we display the average average optimality gap, aver-
age running time in seconds, and the average π value for 
the polices derived by the models in the postpartum hyper-
tension experiments. The averages are taken over the 10 
cross-validation folds in the experiments, with the standard 
deviation given parenthetically. The 90% and 95% confi-
dence intervals for the π value are also included. The results 
of all three experiments are given.

D.1.3 Personalized warfarin dosing

Table 6 displays the average average optimality gap, aver-
age running time in seconds, and the average π value for 
the polices derived by the models in the warfarin dosing 
experiments. The averages are taken over the 5 seeds of the 
experiments, with the standard deviation given parentheti-
cally. The 90% and 95% confidence intervals for the π value 
are also included.

D.1.4 Prediction problem results

We provide the complete results of the prediction 
experiments conducted over the 2-digit MNIST problem. 
Table 7 shows the results of training ANNs over various 
architectures for SGD with binary and ReLU activations, 
and the MIP with binary activations. The architecture 
is denoted by (Number of Hidden Layers, Number of 

1 3

Page 27 of 44  6



V. Patil et al.

Ta
bl

e 
1 

Co
m

pl
et

e 
Re

su
lts

 S
im

ul
at

ed
 E

xp
er

im
en

ts 
w

ith
 A

th
ey

 M
od

el
 1

 (w
ith

 A
da

pt
ed

 B
in

ar
iz

at
io

n)
Tr

ai
n 

D
at

a 
Le

ng
th

M
od

el
A

rc
hi

te
c 

-tu
re

Pr
ob

ab
ili

ty
 o

f C
or

re
ct

 A
ss

ig
nm

en
ts

0.
1

0.
25

0.
5

0.
75

0.
9

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

10
0

B-
PT

1
58

.3
4 

(1
8.

42
)

0.
62

 
(0

.1
6)

0 
(0

)
1.

51
 

(0
.2

2)
62

.3
7 

(1
8.

27
)

0.
59

 
(0

.1
6)

0 
(0

)
1.

08
 

(0
.5

9)
53

.9
9 

(8
.9

)
0.

68
 

(0
.0

6)
0 

(0
)

1.
89

 
(0

.3
8)

50
.0

9 
(0

.5
9)

0.
71

 (0
.0

)
0 

(0
)

1.
27

 
(0

.3
2)

44
.1

6 
(1

3.
49

)
0.

74
 

(0
.0

8)
0 

(0
)

1.
02

 
(0

.3
3)

2
81

.1
5 

(1
2.

77
)

0.
42

 
(0

.1
2)

0 
(0

)
45

.2
7 

(3
.4

2)
69

.4
4 

(1
7.

74
)

0.
53

 
(0

.1
6)

0 
(0

)
64

.9
1 

(1
5.

69
)

75
.5

8 
(1

4.
57

)
0.

48
 

(0
.1

2)
0 

(0
)

90
.2

3 
(1

2.
92

)
53

.4
 

(1
0.

66
)

0.
68

 
(0

.0
8)

0 
(0

)
71

.5
 

(1
1.

76
)

39
.8

6 
(7

.8
6)

0.
77

 
(0

.0
5)

0 
(0

)
52

.9
7 

(1
2.

99
)

CF
10

0
78

.5
9 

(1
6.

92
)

0.
44

 
(0

.1
4)

-
0.

65
 

(0
.0

1)
89

.9
6 

(1
.4

8)
0.

32
 

(0
.0

2)
-

0.
63

 
(0

.0
1)

90
.4

6 
(1

.1
)

0.
31

 
(0

.0
2)

-
0.

63
 

(0
.0

1)
90

.4
8 

(0
.5

7)
0.

31
 

(0
.0

1)
-

0.
62

 
(0

.0
1)

84
.0

3 
(1

4.
95

)
0.

37
 

(0
.1

4)
-

0.
64

 
(0

.0
2)

J-
PT

1
86

.9
9 

(4
.4

0)
0.

36
 

(0
.0

5)
0 

(0
)

0.
11

 
(0

.0
2)

89
.3

0 
(1

.9
0)

0.
33

 
(0

.0
3)

0 
(0

)
0.

1 
(0

.0
2)

89
.3

 (1
.9

)
0.

33
 

(0
.0

3)
0 

(0
)

0.
09

 
(0

.0
1)

89
.9

7 
(1

.8
6)

0.
32

 
(0

.0
3)

0 
(0

)
0.

09
 

(0
.0

1)
89

.9
7 

(1
.7

7)
0.

32
 

(0
.0

2)
0 

(0
)

0.
09

 
(0

.0
2)

2
87

.3
3 

(4
.4

4)
0.

35
 

(0
.0

5)
0 

(0
)

1.
38

 
(1

.0
0)

88
.2

9 
(2

.0
2)

0.
34

 
(0

.0
3)

0 
(0

)
2.

75
 

(1
.4

2)
88

.7
6 

(1
.1

9)
0.

33
 

(0
.0

2)
0 

(0
)

1.
6 

(1
.0

6)
87

.8
8 

(1
.9

8)
0.

35
 

(0
.0

3)
0 

(0
)

2.
27

 
(1

.5
7)

88
.2

 
(4

.3
9)

0.
34

 
(0

.0
5)

0 
(0

)
1.

7 
(1

.5
8)

K
-P

T
1

73
.3

3 
(1

5.
59

)
0.

5 
(0

.1
4)

0 
(0

)
0.

39
 

(0
.1

1)
73

.9
8 

(1
6.

4)
0.

49
 

(0
.1

5)
0 

(0
)

0.
47

 
(0

.0
8)

76
.5

1 
(1

6.
91

)
0.

46
 

(0
.1

5)
0 

(0
)

1.
06

 
(0

.4
1)

56
.0

3 
(8

.9
5)

0.
66

 
(0

.0
6)

0 
(0

)
0.

84
 

(0
.5

2)
42

.0
7 

(1
2.

99
)

0.
76

 
(0

.0
7)

0 
(0

)
0.

44
 

(0
.2

7)
2

83
.5

8 
(8

.0
2)

0.
4 

(0
.0

9)
0 

(0
)

16
.8

3 
(5

.8
2)

79
.0

2 
(1

2.
81

)
0.

44
 

(0
.1

2)
0 

(0
)

17
.8

5 
(5

.3
6)

83
.9

6 
(5

.4
9)

0.
4 

(0
.0

6)
0 

(0
)

29
.7

7 
(6

.6
6)

60
.0

8 
(1

4.
19

)
0.

62
 

(0
.1

1)
0 

(0
)

26
.8

2 
(3

.5
7)

35
.3

7 
(1

3.
88

)
0.

8 
(0

.0
8)

0 
(0

)
14

.5
2 

(3
.5

1)
PN

N
2-

3-
2

88
.9

3 
(3

.4
2)

0.
33

 
(0

.0
4)

0 
(0

)
22

.5
6 

(1
4.

52
)

89
.7

5 
(3

.3
9)

0.
32

 
(0

.0
4)

0 
(0

)
16

.0
2 

(1
0.

87
)

91
.2

7 
(0

.1
5)

0.
3 

(0
.0

)
0 

(0
)

11
.6

1 
(2

.6
9)

90
.0

8 
(2

.0
3)

0.
31

 
(0

.0
3)

0 
(0

)
14

.8
5 

(5
.4

)
91

.2
8 

(0
.1

5)
0.

3 
(0

.0
)

0 
(0

)
14

.7
9 

(1
0.

02
)

2-
10

-2
88

.9
3 

(3
.4

3)
0.

33
 

(0
.0

4)
0.

02
 

(0
.0

2)
32

32
.6

1 
(8

21
.7

4)
89

.8
 

(3
.3

2)
0.

32
 

(0
.0

4)
0.

01
 

(0
.0

1)
28

85
.7

5 
(1

01
8.

32
)

91
.2

5 
(0

.1
5)

0.
3 

(0
.0

)
0.

01
 

(0
.0

1)
30

80
.7

1 
(1

16
1.

3)
90

.1
4 

(1
.8

9)
0.

31
 

(0
.0

3)
0.

02
 

(0
.0

2)
32

68
.1

2 
(5

87
.4

5)
91

.2
6 

(0
.1

5)
0.

3 
(0

.0
)

0.
02

 
(0

.0
2)

21
93

.9
5 

(1
36

9.
05

)
50

0
B-

PT
1

49
.8

0 
(0

.6
1)

0.
71

 (0
.0

)
0 

(0
)

4.
77

 
(1

.9
7)

57
.7

0 
(1

7.
10

)
0.

63
 

(0
.1

5)
0 

(0
)

7.
13

 
(3

.1
3)

58
.5

3 
(1

8.
56

)
0.

62
 

(0
.1

7)
0 

(0
)

5.
11

 
(4

.7
1)

50
.2

 
(0

.6
1)

0.
71

 (0
.0

)
0 

(0
)

5.
54

 
(3

.5
5)

50
.2

 
(0

.6
1)

0.
71

 (0
.0

)
0 

(0
)

4.
04

 
(2

.6
1)

2
74

.3
3 

(2
0.

4)
0.

47
 

(0
.1

8)
0 

(0
)

50
2.

1 
(9

2.
75

)
83

.2
0 

(1
2.

61
)

0.
39

 
(0

.1
2)

0 
(0

)
52

6.
6 

(1
46

.8
3)

85
.5

2 
(8

.8
9)

0.
37

 
(0

.0
9)

0 
(0

)
57

0.
98

 
(7

8.
21

)
53

.3
4 

(2
.5

3)
0.

68
 

(0
.0

2)
0 

(0
)

58
8.

45
 

(9
7.

26
)

49
.3

6 
(1

.9
6)

0.
71

 
(0

.0
1)

0 
(0

)
56

2.
64

 
(8

3.
7)

CF
10

0
90

.9
5 

(0
.4

5)
0.

3 
(0

.0
1)

-
0.

69
 

(0
.0

2)
91

.2
1 

(0
.4

)
0.

3 
(0

.0
1)

-
0.

68
 

(0
.0

1)
91

.1
7 

(0
.3

)
0.

3 
(0

.0
)

-
0.

66
 

(0
.0

2)
90

.9
 

(0
.8

5)
0.

3 
(0

.0
1)

-
0.

69
 

(0
.0

2)
89

.9
6 

(1
.5

6)
0.

32
 

(0
.0

2)
-

0.
7 

(0
.0

1)

J-
PT

1
91

.4
1 

(0
.2

4)
0.

29
 (0

.0
)

0 
(0

)
1.

13
 

(0
.1

7)
91

.4
1 

(0
.2

4)
0.

29
 (0

.0
)

0 
(0

)
0.

98
 

(0
.1

8)
91

.4
1 

(0
.2

4)
0.

29
 (0

.0
)

0 
(0

)
0.

84
 

(0
.0

3)
90

.6
6 

(1
.8

5)
0.

3 
(0

.0
3)

0 
(0

)
1.

03
 

(0
.1

7)
90

.6
6 

(1
.8

5)
0.

3 
(0

.0
3)

0 
(0

)
1.

21
 

(0
.1

1)
2

90
.8

9 
(0

.4
4)

0.
3 

(0
.0

1)
0 

(0
)

35
.2

 
(8

.0
9)

90
.9

5 
(0

.5
2)

0.
3 

(0
.0

1)
0 

(0
)

32
.7

1 
(1

4.
9)

90
.7

9 
(0

.3
8)

0.
3 

(0
.0

1)
0 

(0
)

27
.2

7 
(1

4.
23

)
90

.5
8 

(0
.9

4)
0.

31
 

(0
.0

1)
0 

(0
)

35
.1

1 
(1

2.
88

)
89

.7
5 

(0
.7

2)
0.

32
 

(0
.0

1)
0 

(0
)

39
.0

9 
(3

.2
9)

K
-P

T
1

80
.7

3 
(1

7.
71

)
0.

41
 

(0
.1

6)
0 

(0
)

2.
67

 
(0

.6
8)

88
.3

9 
(4

.9
1)

0.
34

 
(0

.0
6)

0 
(0

)
2.

4 
(0

.8
5)

84
.7

9 
(9

.7
1)

0.
38

 
(0

.1
1)

0 
(0

)
3.

4 
(0

.6
2)

52
.1

7 
(4

.4
4)

0.
69

 
(0

.0
3)

0 
(0

)
3 

(0
.2

6)
50

.2
 

(0
.6

1)
0.

71
 (0

.0
)

0 
(0

)
1.

83
 

(1
.0

2)
2

87
.9

3 
(4

.1
1)

0.
34

 
(0

.0
5)

0 
(0

)
13

4.
46

 
(4

7.
93

)
87

.7
1 

(4
.6

3)
0.

35
 

(0
.0

6)
0 

(0
)

14
8.

33
 

(3
5.

1)
83

.7
8 

(9
.5

2)
0.

39
 (0

.1
)

0 
(0

)
14

6.
02

 
(2

0.
47

)
58

.5
 

(7
.1

1)
0.

64
 

(0
.0

5)
0 

(0
)

15
7.

8 
(4

6.
88

)
48

.9
2 

(2
.0

4)
0.

71
 

(0
.0

1)
0 

(0
)

14
0.

41
 

(3
4.

6)
PN

N
2-

3-
2

90
.7

9 
(0

.5
8)

0.
3 

(0
.0

1)
0.

05
 

(0
.0

4)
29

96
.2

9 
(1

35
0.

27
)

91
.2

1 
(0

.1
)

0.
3 

(0
.0

)
0.

02
 

(0
.0

3)
27

21
.0

5 
(1

12
0.

22
)

91
.2

1 
(0

.0
8)

0.
3 

(0
.0

)
0.

02
 

(0
.0

2)
27

64
.3

6 
(1

14
4.

47
)

91
.2

8 
(0

.1
5)

0.
3 

(0
.0

)
0.

05
 

(0
.0

4)
35

14
.1

7 
(1

92
.2

3)
91

.2
1 

(0
.1

3)
0.

3 
(0

.0
)

0.
11

 
(0

.0
4)

36
00

.1
3 

(0
.1

)
2-

10
-2

91
.0

0 
(0

.3
4)

0.
3 

(0
.0

1)
0.

06
 

(0
.0

1)
36

00
.1

5 
(0

.0
7)

91
.2

1 
(0

.0
9)

0.
3 

(0
.0

)
0.

06
 

(0
.0

1)
36

01
.7

 
(3

.0
9)

91
.2

 
(0

.0
8)

0.
3 

(0
.0

)
0.

06
 

(0
.0

1)
36

00
.4

7 
(0

.2
7)

90
.9

6 
(0

.6
9)

0.
3 

(0
.0

1)
0.

06
 

(0
.0

1)
36

00
.9

3 
(1

.6
6)

91
.2

 
(0

.1
2)

0.
3 

(0
.0

)
0.

08
 

(0
.0

1)
36

00
.6

 
(0

.4
8)

1 3

6  Page 28 of 44



Healthcare applications of 0-1 neural networks in prescriptive problems with observational data

Ta
bl

e 
2 

Co
m

pl
et

e 
Re

su
lts

 o
f S

im
ul

at
ed

 E
xp

er
im

en
ts 

w
ith

 A
th

ey
 M

od
el

 1
 (w

ith
 O

ne
-H

ot
 B

in
ar

iz
at

io
n)

Tr
ai

n 
D

at
a 

Le
ng

th

M
od

el
A

rc
hi

te
c 

-tu
re

Pr
ob

ab
ili

ty
 o

f C
or

re
ct

 A
ss

ig
nm

en
ts

0.
1

0.
25

0.
5

0.
75

0.
9

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

10
0

B-
PT

1
51

.5
6 

(3
.6

3)
0.

7 
(0

.0
2)

0 
(0

)
0.

93
 

(0
.2

6)
51

.3
9 

(3
.9

9)
0.

7 
(0

.0
3)

0 
(0

)
1.

13
 

(0
.3

2)
51

.8
3 

(4
.3

8)
0.

69
 

(0
.0

3)
0 

(0
)

0.
84

 
(0

.1
1)

48
.1

3 
(4

.4
)

0.
72

 
(0

.0
3)

0 
(0

)
0.

85
 

(0
.0

6)
43

.8
1 

(4
.9

)
0.

75
 

(0
.0

3)
0 

(0
)

0.
85

 
(0

.2
7)

2
58

.3
8 

(0
.8

5)
0.

65
 

(0
.0

1)
0 

(0
)

19
.4

1 
(4

.4
2)

56
.6

8 
(7

.8
)

0.
66

 
(0

.0
5)

0 
(0

)
22

.8
6 

(3
.8

8)
53

.8
5 

(4
.5

3)
0.

68
 

(0
.0

3)
0 

(0
)

24
.8

 
(8

.1
3)

47
.6

9 
(4

.8
2)

0.
72

 
(0

.0
3)

0 
(0

)
21

.7
5 

(5
.7

)
35

.2
7 

(4
.5

9)
0.

8 
(0

.0
3)

0 
(0

)
19

.8
 

(3
.6

9)
CF

10
0

78
.5

9 
(1

6.
92

)
0.

44
 

(0
.1

4)
-

0.
64

 
(0

.0
1)

89
.9

6 
(1

.4
8)

0.
32

 
(0

.0
2)

-
0.

63
 

(0
.0

1)
90

.4
6 

(1
.1

)
0.

31
 

(0
.0

2)
-

0.
62

 
(0

.0
2)

90
.4

8 
(0

.5
7)

0.
31

 
(0

.0
1)

-
0.

62
 

(0
.0

1)
84

.0
3 

(1
4.

95
)

0.
37

 
(0

.1
4)

-
0.

65
 

(0
.0

1)
J-

PT
1

60
.2

1 
(0

.5
9)

0.
63

 (0
.0

)
0 

(0
)

0.
09

 
(0

.0
2)

59
.8

1 
(0

.4
5)

0.
63

 (0
.0

)
0 

(0
)

0.
09

 
(0

.0
1)

60
.0

7 
(0

.6
5)

0.
63

 (0
.0

)
0 

(0
)

0.
08

 (0
)

59
.6

7 
(0

.3
6)

0.
64

 (0
.0

)
0 

(0
)

0.
09

 
(0

.0
1)

60
.0

7 
(0

.6
5)

0.
63

 (0
.0

)
0 

(0
)

0.
08

 (0
)

2
70

 (0
.8

8)
0.

55
 

(0
.0

1)
0 

(0
)

0.
52

 
(0

.1
9)

69
.7

9 
(0

.8
2)

0.
55

 
(0

.0
1)

0 
(0

)
0.

43
 

(0
.1

5)
70

.1
8 

(0
.6

9)
0.

55
 

(0
.0

1)
0 

(0
)

0.
46

 (0
.2

)
69

.8
3 

(1
.0

5)
0.

55
 

(0
.0

1)
0 

(0
)

0.
41

 
(0

.1
5)

70
.2

6 
(0

.6
2)

0.
55

 
(0

.0
1)

0 
(0

)
0.

41
 

(0
.1

4)
K

-P
T

1
54

 (5
.1

7)
0.

68
 

(0
.0

3)
0 

(0
)

0.
21

 (0
.2

)
56

.0
1 

(4
.8

4)
0.

66
 

(0
.0

3)
0 

(0
)

0.
4 

(0
.1

9)
58

.2
8 

(3
.3

9)
0.

65
 

(0
.0

2)
0 

(0
)

0.
74

 
(0

.4
3)

49
.4

6 
(7

.2
7)

0.
71

 
(0

.0
5)

0 
(0

)
0.

36
 

(0
.3

9)
41

.8
 

(2
.9

7)
0.

76
 

(0
.0

2)
0 

(0
)

0.
07

 
(0

.0
1)

2
58

.8
3 

(7
.2

9)
0.

64
 

(0
.0

5)
0 

(0
)

5.
49

 
(0

.8
5)

61
.0

1 
(4

.1
7)

0.
62

 
(0

.0
3)

0 
(0

)
6.

02
 

(1
.4

8)
59

.5
4 

(1
.8

7)
0.

64
 

(0
.0

1)
0 

(0
)

7.
54

 
(1

.5
5)

48
.7

 
(5

.5
4)

0.
72

 
(0

.0
4)

0 
(0

)
7.

95
 

(1
.4

1)
38

.2
7 

(2
.8

3)
0.

79
 

(0
.0

2)
0 

(0
)

4.
63

 
(1

.6
6)

PN
N

2-
3-

2
88

.9
3 

(3
.4

2)
0.

33
 

(0
.0

4)
0 

(0
)

22
.5

6 
(1

4.
52

)
89

.7
5 

(3
.3

9)
0.

32
 

(0
.0

4)
0 

(0
)

16
.0

2 
(1

0.
87

)
91

.2
7 

(0
.1

5)
0.

3 
(0

.0
)

0 
(0

)
11

.6
1 

(2
.6

9)
90

.0
8 

(2
.0

3)
0.

31
 

(0
.0

3)
0 

(0
)

14
.8

5 
(5

.4
)

91
.2

8 
(0

.1
5)

0.
3 

(0
.0

)
0 

(0
)

14
.7

9 
(1

0.
02

)
2-

10
-2

88
.9

3 
(3

.4
3)

0.
33

 
(0

.0
4)

0.
02

 
(0

.0
2)

32
32

.6
1 

(8
21

.7
4)

89
.8

 
(3

.3
2)

0.
32

 
(0

.0
4)

0.
01

 
(0

.0
1)

28
85

.7
5 

(1
01

8.
32

)
91

.2
5 

(0
.1

5)
0.

3 
(0

.0
)

0.
01

 
(0

.0
1)

30
80

.7
1 

(1
16

1.
3)

90
.1

4 
(1

.8
9)

0.
31

 
(0

.0
3)

0.
02

 
(0

.0
2)

32
68

.1
2 

(5
87

.4
5)

91
.2

6 
(0

.1
5)

0.
3 

(0
.0

)
0.

02
 

(0
.0

2)
21

93
.9

5 
(1

36
9.

05
)

50
0

B-
PT

1
49

.8
 

(0
.6

1)
0.

71
 (0

.0
)

0 
(0

)
20

.4
2 

(1
.9

8)
49

.9
3 

(0
.3

3)
0.

71
 (0

.0
)

0 
(0

)
23

.7
1 

(4
.3

4)
50

.5
 

(0
.5

1)
0.

7 
(0

.0
)

0 
(0

)
24

.9
9 

(2
.4

5)
50

.2
 

(0
.6

1)
0.

71
 (0

.0
)

0 
(0

)
21

.3
3 

(2
.9

1)
50

.2
 

(0
.6

1)
0.

71
 (0

.0
)

0 
(0

)
17

.3
4 

(2
.3

3)
2

52
.0

3 
(3

.8
9)

0.
69

 
(0

.0
3)

0 
(0

)
71

8.
07

 
(1

66
.8

4)
53

.8
9 

(4
.9

4)
0.

68
 

(0
.0

3)
0 

(0
)

82
1.

48
 

(5
2.

94
)

54
.9

6 
(5

.1
7)

0.
67

 
(0

.0
3)

0 
(0

)
75

3.
47

 
(2

77
.1

9)
49

.7
9 

(0
.5

1)
0.

71
 (0

.0
)

0 
(0

)
63

2.
35

 
(6

7.
21

)
49

.8
9 

(1
.1

7)
0.

71
 

(0
.0

1)
0 

(0
)

61
4.

77
 

(1
37

)
CF

10
0

90
.9

5 
(0

.4
5)

0.
3 

(0
.0

1)
-

0.
69

 
(0

.0
1)

91
.2

1 
(0

.4
)

0.
3 

(0
.0

1)
-

0.
68

 
(0

.0
2)

91
.1

7 
(0

.3
)

0.
3 

(0
.0

)
-

0.
67

 
(0

.0
1)

90
.9

 
(0

.8
5)

0.
3 

(0
.0

1)
-

0.
67

 
(0

.0
2)

89
.9

6 
(1

.5
6)

0.
32

 
(0

.0
2)

-
0.

69
 

(0
.0

1)
J-

PT
1

60
.1

2 
(0

.6
4)

0.
63

 (0
.0

)
0 

(0
)

1.
02

 
(0

.1
7)

60
.3

 
(0

.6
9)

0.
63

 (0
.0

)
0 

(0
)

0.
94

 
(0

.0
4)

60
.1

2 
(0

.6
4)

0.
63

 (0
.0

)
0 

(0
)

0.
95

 
(0

.0
3)

60
.3

5 
(0

.6
4)

0.
63

 (0
.0

)
0 

(0
)

0.
95

 
(0

.0
3)

60
.3

5 
(0

.6
4)

0.
63

 (0
.0

)
0 

(0
)

1.
41

 
(0

.4
8)

2
70

.3
6 

(0
.6

4)
0.

54
 

(0
.0

1)
0 

(0
)

7.
49

 
(2

.1
3)

70
.0

2 
(0

.6
2)

0.
55

 
(0

.0
1)

0 
(0

)
5.

39
 

(2
.5

7)
70

.3
6 

(0
.6

4)
0.

54
 

(0
.0

1)
0 

(0
)

4.
1 

(1
.1

8)
69

.9
1 

(0
.7

4)
0.

55
 

(0
.0

1)
0 

(0
)

5.
91

 
(3

.5
7)

69
.9

1 
(0

.7
4)

0.
55

 
(0

.0
1)

0 
(0

)
7.

07
 

(3
.7

6)
K

-P
T

1
58

.2
 

(2
.7

2)
0.

65
 

(0
.0

2)
0 

(0
)

5.
81

 
(0

.7
5)

58
.2

4 
(2

.7
3)

0.
65

 
(0

.0
2)

0 
(0

)
5.

83
 

(0
.5

5)
59

.8
9 

(0
.5

9)
0.

63
 (0

.0
)

0 
(0

)
5.

15
 

(1
.0

4)
50

.8
5 

(5
.9

7)
0.

7 
(0

.0
4)

0 
(0

)
5.

58
 (1

.3
)

48
.2

2 
(2

.3
1)

0.
72

 
(0

.0
1)

0 
(0

)
5.

17
 

(1
.0

4)
2

61
.8

3 
(6

.6
7)

0.
62

 
(0

.0
5)

0 
(0

)
13

8.
4 

(3
1.

34
)

67
.9

4 
(2

.8
3)

0.
57

 
(0

.0
2)

0 
(0

)
13

8.
91

 
(2

7.
41

)
69

.5
7 

(1
.3

8)
0.

55
 

(0
.0

1)
0 

(0
)

14
9.

05
 

(2
4.

19
)

50
.3

 
(8

.9
2)

0.
7 

(0
.0

6)
0 

(0
)

13
5.

3 
(1

1.
87

)
48

.5
 

(2
.2

4)
0.

72
 

(0
.0

1)
0 

(0
)

14
4.

82
 

(2
8.

23
)

PN
N

2-
3-

2
90

.7
9 

(0
.5

8)
0.

3 
(0

.0
1)

0.
05

 
(0

.0
4)

29
96

.2
9 

(1
35

0.
27

)
91

.2
1 

(0
.1

)
0.

3 
(0

.0
)

0.
02

 
(0

.0
3)

27
21

.0
5 

(1
12

0.
22

)
91

.2
1 

(0
.0

8)
0.

3 
(0

.0
)

0.
02

 
(0

.0
2)

27
64

.3
6 

(1
14

4.
47

)
91

.2
8 

(0
.1

5)
0.

3 
(0

.0
)

0.
05

 
(0

.0
4)

35
14

.1
7 

(1
92

.2
3)

91
.2

1 
(0

.1
3)

0.
3 

(0
.0

)
0.

11
 

(0
.0

4)
36

00
.1

3 
(0

.1
)

2-
10

-2
91

 (0
.3

4)
0.

3 
(0

.0
1)

0.
06

 
(0

.0
1)

36
00

.1
5 

(0
.0

7)
91

.2
1 

(0
.0

9)
0.

3 
(0

.0
)

0.
06

 
(0

.0
1)

36
01

.7
 

(3
.0

9)
91

.2
 

(0
.0

8)
0.

3 
(0

.0
)

0.
06

 
(0

.0
1)

36
00

.4
7 

(0
.2

7)
90

.9
6 

(0
.6

9)
0.

3 
(0

.0
1)

0.
06

 
(0

.0
1)

36
00

.9
3 

(1
.6

6)
91

.2
 

(0
.1

2)
0.

3 
(0

.0
)

0.
08

 
(0

.0
1)

36
00

.6
 

(0
.4

8)

1 3

Page 29 of 44  6



V. Patil et al.

Ta
bl

e 
3 

Co
m

pl
et

e 
Re

su
lts

 o
f S

im
ul

at
ed

 E
xp

er
im

en
ts 

w
ith

 A
th

ey
 M

od
el

 2
 (w

ith
 A

da
pt

ed
 B

in
ar

iz
at

io
n)

Tr
ai

n 
D

at
a 

Le
ng

th

M
od

el
A

rc
hi

te
c-

 
tu

re
Pr

ob
ab

ili
ty

 o
f C

or
re

ct
 A

ss
ig

nm
en

ts

0.
1

0.
25

0.
5

0.
75

0.
9

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

10
0

B-
PT

1
48

.3
5 

(2
1)

0.
7 

(0
.1

6)
0 

(0
)

17
.6

 
(4

.2
1)

56
.8

4 
(2

4.
71

)
0.

64
 

(0
.1

6)
0 

(0
)

15
.5

 
(3

.9
4)

65
.2

9 
(2

8.
6)

0.
56

 
(0

.1
9)

0 
(0

)
15

.8
4 

(1
.9

1)
82

.0
6 

(3
.6

7)
0.

42
 

(0
.0

4)
0 

(0
)

16
.5

3 
(3

.6
3)

80
.6

2 
(9

.4
7)

0.
43

 
(0

.0
9)

0 
(0

)
17

.2
5 

(3
.9

6)
2

66
.6

7 
(1

6.
28

)
0.

56
 

(0
.1

3)
0.

9 
(0

.1
9)

36
00

.0
5 

(0
.0

3)
55

.0
6 

(2
3.

48
)

0.
65

 
(0

.1
7)

1.
38

 
(0

.5
6)

36
00

.0
5 

(0
.0

2)
71

.9
2 

(2
3.

12
)

0.
5 

(0
.1

7)
1.

58
 

(0
.2

1)
36

00
.0

4 
(0

.0
2)

71
.6

9 
(3

.7
9)

0.
53

 
(0

.0
3)

1.
55

 
(0

.3
2)

36
00

.0
2 

(0
.0

1)
48

.8
2 

(1
1.

58
)

0.
71

 
(0

.0
7)

1.
28

 
(0

.3
6)

36
00

.0
3 

(0
.0

1)
CF

10
0

85
.0

5 
(0

.5
5)

0.
39

 
(0

.0
1)

-
0.

8 
(0

.0
3)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

-
0.

77
 

(0
.0

2)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
-

0.
71

 
(0

.0
1)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

-
0.

72
 

(0
.0

1)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
-

0.
78

 
(0

.0
2)

J-
PT

1
84

.2
5 

(2
.0

9)
0.

4 
(0

.0
2)

0 
(0

)
0.

28
 

(0
.0

2)
84

.0
9 

(2
.1

8)
0.

4 
(0

.0
2)

0 
(0

)
0.

34
 

(0
.0

8)
84

.0
9 

(2
.1

8)
0.

4 
(0

.0
2)

0 
(0

)
0.

34
 

(0
.0

8)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0 

(0
)

0.
35

 
(0

.0
6)

84
.2

5 
(2

.0
9)

0.
4 

(0
.0

2)
0 

(0
)

0.
41

 
(0

.0
6)

2
80

.1
3 

(3
.2

)
0.

44
 

(0
.0

3)
0 

(0
)

75
.3

9 
(3

2.
19

)
80

.3
9 

(3
.3

7)
0.

44
 

(0
.0

3)
0 

(0
)

10
5.

34
 

(2
4.

29
)

82
.1

7 
(2

.4
)

0.
42

 
(0

.0
3)

0 
(0

)
83

.4
8 

(1
6.

31
)

81
.6

6 
(2

.2
4)

0.
43

 
(0

.0
2)

0 
(0

)
95

.2
1 

(3
5.

06
)

81
.9

 
(1

.7
8)

0.
43

 
(0

.0
2)

0 
(0

)
76

.4
7 

(2
8.

1)
K

-P
T

1
54

.3
 

(2
2.

95
)

0.
65

 
(0

.1
7)

0 
(0

)
3.

03
 

(1
.1

5)
58

 
(2

8.
14

)
0.

61
 (0

.2
)

0 
(0

)
2.

4 
(0

.4
9)

68
.3

2 
(2

2.
86

)
0.

54
 

(0
.1

7)
0 

(0
)

2.
39

 
(0

.6
3)

79
.7

9 
(2

.9
6)

0.
45

 
(0

.0
3)

0 
(0

)
2.

8 
(0

.5
9)

65
.5

8 
(1

8.
83

)
0.

57
 

(0
.1

4)
0 

(0
)

2.
77

 
(0

.9
5)

2
71

.2
1 

(1
4.

69
)

0.
52

 
(0

.1
3)

0 
(0

)
68

9.
69

 
(2

85
.6

6)
58

.5
7 

(2
0.

66
)

0.
63

 
(0

.1
4)

0 
(0

)
14

15
.7

3 
(5

37
.8

6)
66

.5
2 

(1
5.

66
)

0.
57

 
(0

.1
2)

0 
(0

)
19

13
.2

2 
(2

47
.7

5)
70

.1
5 

(5
.6

9)
0.

54
 

(0
.0

5)
0 

(0
)

16
35

.1
2 

(4
36

.5
9)

51
.2

2 
(4

.9
6)

0.
7 

(0
.0

3)
0 

(0
)

84
9.

38
 

(3
20

.4
2)

PN
N

10
-3

-2
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0 

(0
.0

1)
88

8.
36

 
(1

51
7.

13
)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

0.
01

 
(0

.0
2)

10
92

.5
4 

(1
43

8.
89

)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0 

(0
)

72
5.

32
 

(1
60

7.
54

)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0 

(0
)

24
6.

13
 

(3
13

.2
5)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

0 
(0

.0
1)

85
3.

77
 

(1
54

6.
05

)
10

-1
0-

2
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0.

01
 

(0
.0

1)
36

00
.1

 
(0

.0
5)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

0.
02

 
(0

.0
1)

36
00

.0
9 

(0
.0

9)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0.

01
 

(0
.0

1)
30

85
.4

4 
(1

15
0.

71
)

85
.0

5 
(0

.5
4)

0.
39

 
(0

.0
1)

0.
01

 
(0

.0
1)

24
83

.0
5 

(1
58

0.
02

)
85

.0
5 

(0
.5

4)
0.

39
 

(0
.0

1)
0.

01
 

(0
.0

1)
36

00
.3

4 
(0

.6
1)

50
0

B-
PT

1
57

.4
7 

(7
.7

4)
0.

65
 

(0
.0

5)
0 

(0
)

24
3.

19
 

(2
1.

18
)

73
.0

9 
(1

6.
05

)
0.

5 
(0

.1
4)

0 
(0

)
24

7.
53

 
(4

8.
23

)
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0 
(0

)
21

8.
83

 
(3

6.
82

)
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0 
(0

)
20

4.
44

 
(1

4.
8)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

23
8.

79
 

(2
8.

57
)

2
58

.1
5 

(3
6.

55
)

0.
6 

(0
.2

5)
8.

64
 (5

.4
)

36
00

.0
2 

(0
.0

1)
61

.3
8 

(3
3.

29
)

0.
58

 
(0

.2
3)

7.
58

 
(3

.5
7)

36
00

.0
2 

(0
.0

1)
54

.1
1 

(3
6.

02
)

0.
63

 
(0

.2
4)

9.
43

 
(7

.2
4)

36
00

.0
2 

(0
.0

1)
74

.2
3 

(2
0.

98
)

0.
48

 
(0

.1
6)

8.
39

 
(5

.0
9)

36
00

.0
1 

(0
)

71
.7

5 
(2

5.
99

)
0.

5 
(0

.1
9)

7.
07

 
(4

.1
5)

36
00

.0
7 

(0
.0

8)
CF

10
0

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
-

0.
76

 
(0

.0
3)

84
.9

9 
(0

.4
)

0.
39

 (0
.0

)
-

0.
73

 (0
)

84
.9

9 
(0

.3
8)

0.
39

 (0
.0

)
-

0.
72

 
(0

.0
1)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
-

0.
73

 
(0

.0
2)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
-

0.
74

 
(0

.0
1)

J-
PT

1
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0 
(0

)
3.

5 
(0

.6
3)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

2.
82

 
(0

.1
7)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

3.
65

 
(0

.9
2)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

3.
13

 
(0

.2
1)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

3.
64

 (0
.8

)

2
85

 (0
.1

7)
0.

39
 (0

.0
)

0 
(0

)
10

88
.4

1 
(5

33
.1

5)
85

.0
8 

(0
.3

4)
0.

39
 (0

.0
)

0 
(0

)
12

21
.0

6 
(2

17
.8

2)
85

.1
2 

(0
.3

7)
0.

39
 (0

.0
)

0 
(0

)
17

30
.0

8 
(6

49
.1

8)
84

.6
6 

(0
.7

1)
0.

39
 

(0
.0

1)
0 

(0
)

12
42

.1
2 

(3
88

.3
1)

85
.0

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

88
2.

05
 

(3
47

.4
8)

K
-P

T
1

57
.4

7 
(7

.7
4)

0.
65

 
(0

.0
5)

0 
(0

)
38

.8
8 

(2
.6

1)
62

.2
1 

(1
4.

59
)

0.
6 

(0
.1

2)
0 

(0
)

33
.4

8 
(2

.7
)

76
.0

8 
(1

1.
64

)
0.

48
 (0

.1
)

0 
(0

)
40

.1
5 

(1
0.

33
)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

35
.3

7 
(2

.8
6)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

30
.4

3 
(4

.1
2)

2
73

.5
1 

(4
.2

4)
0.

51
 

(0
.0

4)
0.

4 
(0

.0
8)

36
00

.5
 

(0
.1

1)
77

.0
8 

(7
.4

7)
0.

47
 

(0
.0

7)
0.

43
 

(0
.0

7)
36

00
.4

8 
(0

.2
)

81
.7

6 
(1

.9
8)

0.
43

 
(0

.0
2)

0.
4 

(0
.1

)
36

00
.6

8 
(0

.4
2)

78
.3

7 
(1

.3
9)

0.
46

 
(0

.0
1)

0.
47

 
(0

.0
9)

36
00

.3
9 

(0
.1

9)
80

.2
5 

(4
.6

7)
0.

44
 

(0
.0

5)
0.

48
 (0

.1
)

36
00

.3
2 

(0
.0

6)
PN

N
10

-3
-2

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0.

04
 

(0
.0

1)
36

00
.0

9 
(0

.0
3)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0.

02
 

(0
.0

1)
36

00
.2

4 
(0

.2
3)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0 

(0
)

21
97

.9
4 

(1
65

0.
17

)
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0.
02

 (0
)

36
00

.1
2 

(0
.0

3)
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0.
04

 
(0

.0
1)

36
00

.2
 

(0
.1

7)
10

-1
0-

2
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0.
03

 
(0

.0
1)

36
00

.7
 

(0
.4

2)
84

.9
7 

(0
.4

)
0.

39
 (0

.0
)

0.
02

 
(0

.0
1)

36
05

.4
6 

(1
1.

01
)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0.

01
 (0

)
36

04
.7

6 
(9

.7
2)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0.

02
 (0

)
36

01
.5

6 
(1

.6
5)

84
.9

7 
(0

.4
)

0.
39

 (0
.0

)
0.

03
 

(0
.0

1)
36

05
.4

8 
(1

1.
47

)

1 3

6  Page 30 of 44



Healthcare applications of 0-1 neural networks in prescriptive problems with observational data

Ta
bl

e 
4 

Co
m

pl
et

e 
Re

su
lts

 o
f S

im
ul

at
ed

 E
xp

er
im

en
ts 

w
ith

 A
th

ey
 M

od
el

 3
 (w

ith
 A

da
pt

ed
 B

in
ar

iz
at

io
n)

Tr
ai

n 
D

at
a 

Le
ng

th

M
od

el
A

rc
hi

te
c 

-tu
re

Pr
ob

ab
ili

ty
 o

f C
or

re
ct

 A
ss

ig
nm

en
ts

0.
1

0.
25

0.
5

0.
75

0.
9

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

O
O

SP
 

(%
)

RM
SE

G
ap

 (%
)

Ru
nt

im
e 

(s
)

10
0

B-
PT

1
70

.2
8 

(2
4.

1)
0.

49
 

(0
.2

4)
0 

(0
)

31
.2

7 
(3

.5
1)

92
.1

6 
(8

.2
3)

0.
26

 
(0

.1
1)

0 
(0

)
44

.3
2 

(5
.8

2)
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

0 
(0

)
43

.6
 

(1
1.

36
)

93
.9

2 
(4

.2
2)

0.
24

 
(0

.0
7)

0 
(0

)
34

.8
6 

(9
.4

9)
71

.5
6 

(2
1.

71
)

0.
5 

(0
.2

)
0 

(0
)

32
.3

4 
(6

.5
9)

2
66

.2
1 

(1
8.

77
)

0.
55

 
(0

.1
8)

1.
59

 
(0

.6
2)

36
00

.0
6 

(0
.0

1)
89

.2
8 

(1
0.

94
)

0.
3 

(0
.1

3)
2.

77
 

(1
.6

5)
36

00
.0

7 
(0

.0
4)

82
.1

3 
(9

.6
)

0.
41

 (0
.1

)
4.

18
 

(2
.3

1)
36

00
.1

2 
(0

.1
9)

73
.5

8 
(2

7.
11

)
0.

47
 

(0
.2

2)
3.

68
 

(1
.9

9)
36

00
.0

7 
(0

.0
9)

45
.2

4 
(1

2.
25

)
0.

74
 

(0
.0

8)
1.

82
 

(0
.9

3)
36

00
.1

 
(0

.0
6)

CF
10

0
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

-
0.

88
 

(0
.0

4)
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

-
0.

99
 

(0
.0

8)
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

-
1.

09
 

(0
.1

2)
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

-
0.

92
 

(0
.0

4)
95

.7
9 

(0
.1

7)
0.

21
 (0

.0
)

-
0.

85
 

(0
.0

5)
J-

PT
1

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
49

 
(0

.0
8)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
41

 
(0

.0
3)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
39

 
(0

.0
2)

86
.4

4 
(1

1.
51

)
0.

34
 

(0
.1

3)
0 

(0
)

0.
4 

(0
.0

1)
90

.3
4 

(5
.0

6)
0.

3 
(0

.0
8)

0 
(0

)
0.

42
 

(0
.0

5)
2

88
.6

9 
(3

.1
7)

0.
33

 
(0

.0
4)

0 
(0

)
15

8.
63

 
(6

6.
87

)
89

.7
5 

(2
.7

7)
0.

32
 

(0
.0

4)
0 

(0
)

11
0.

64
 

(6
4.

14
)

91
.1

 
(4

.1
4)

0.
29

 
(0

.0
6)

0 
(0

)
97

 
(5

5.
53

)
84

.8
3 

(5
.7

4)
0.

38
 

(0
.0

7)
0 

(0
)

12
6.

96
 

(5
4.

38
)

82
.2

9 
(8

.0
2)

0.
41

 
(0

.0
9)

0 
(0

)
12

3.
41

 
(4

2.
14

)
K

-P
T

1
70

.2
8 

(2
4.

1)
0.

49
 

(0
.2

4)
0 

(0
)

5.
84

 
(1

.0
2)

82
.8

5 
(1

8.
07

)
0.

36
 (0

.2
)

0 
(0

)
6 

(1
.7

2)
82

.8
5 

(4
.9

6)
0.

41
 

(0
.0

5)
0 

(0
)

6.
16

 
(1

.6
1)

86
.8

 (0
.5

)
0.

36
 

(0
.0

1)
0 

(0
)

7.
11

 
(0

.6
2)

67
.4

9 
(1

7.
58

)
0.

55
 

(0
.1

4)
0 

(0
)

4.
31

 
(1

.1
8)

2
79

.6
8 

(1
4.

99
)

0.
42

 
(0

.1
7)

0.
02

 
(0

.0
5)

28
21

.7
8 

(7
38

.6
9)

87
.8

5 
(1

3.
01

)
0.

32
 

(0
.1

4)
0.

18
 

(0
.1

1)
33

83
.5

9 
(4

84
.2

2)
81

.1
7 

(5
.0

6)
0.

43
 

(0
.0

5)
0.

27
 

(0
.0

8)
36

00
.2

3 
(0

.1
1)

65
.2

9 
(1

4.
41

)
0.

58
 

(0
.1

1)
0.

13
 

(0
.1

2)
32

44
.1

3 
(6

82
.4

3)
45

.2
6 

(1
2.

04
)

0.
74

 
(0

.0
7)

0 
(0

)
13

56
.2

1 
(7

71
.3

7)
PN

N
20

-3
-2

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
53

 
(0

.0
4)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
59

 
(0

.0
8)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
54

 
(0

.0
6)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
68

 
(0

.3
1)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

0.
72

 
(0

.3
1)

20
-1

0-
2

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

3.
35

 
(1

.4
7)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

3.
57

 
(1

.2
4)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

3.
57

 
(1

.8
9)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

5.
74

 
(3

.1
6)

95
.7

9 
(0

.1
7)

0.
21

 (0
.0

)
0 

(0
)

4.
61

 
(2

.3
1)

50
0

B-
PT

1
78

.9
2 

(2
3.

01
)

0.
4 

(0
.2

3)
0 

(0
)

66
0.

69
 

(2
55

.3
5)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

72
2.

24
 

(2
36

.3
8)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

86
9.

83
 

(2
85

.7
)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

54
1.

49
 

(1
32

.7
8)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

69
5.

11
 

(2
53

.3
1)

2
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

in
f

36
00

.0
6 

(0
.0

2)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

in
f

36
00

.0
8 

(0
.0

4)
77

.3
8 

(4
0.

93
)

0.
36

 
(0

.3
1)

in
f

36
00

.0
4 

(0
.0

4)
40

.7
4 

(5
0.

05
)

0.
67

 
(0

.3
8)

in
f

36
00

.0
2 

(0
.0

2)
28

.1
3 

(3
8.

46
)

0.
79

 
(0

.2
9)

in
f

36
00

.0
3 

(0
.0

3)
CF

10
0

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
-

0.
81

 
(0

.0
3)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
-

0.
8 

(0
.0

2)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

-
0.

79
 

(0
.0

1)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

-
0.

79
 

(0
.0

2)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

-
0.

82
 

(0
.0

2)
J-

PT
1

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

4.
71

 
(0

.7
6)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

4.
25

 
(0

.3
7)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

4.
39

 
(0

.5
7)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

3.
97

 
(0

.1
3)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

3.
94

 
(0

.5
2)

2
94

.6
8 

(0
.4

)
0.

23
 

(0
.0

1)
0 

(0
)

15
05

.4
5 

(3
87

.8
4)

94
.8

 
(0

.2
6)

0.
23

 
(0

.0
1)

0 
(0

)
27

41
.9

4 
(8

65
.1

7)
94

.7
7 

(0
.2

6)
0.

23
 

(0
.0

1)
0 

(0
)

27
81

.1
4 

(4
64

.4
3)

94
.7

8 
(0

.2
3)

0.
23

 (0
.0

)
0 

(0
)

26
85

.1
5 

(6
26

.6
7)

94
.8

1 
(0

.2
5)

0.
23

 (0
.0

)
0 

(0
)

20
81

.0
6 

(5
33

.6
9)

K
-P

T
1

78
.9

2 
(2

3.
01

)
0.

4 
(0

.2
3)

0 
(0

)
73

.3
5 

(1
2.

37
)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

81
.4

5 
(7

.9
4)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

73
.6

2 
(2

0.
97

)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0 
(0

)
66

.6
9 

(1
5.

77
)

91
.9

8 
(5

.1
9)

0.
27

 
(0

.0
8)

0 
(0

)
78

.7
2 

(2
5.

57
)

2
80

.2
5 

(1
6.

15
)

0.
41

 
(0

.1
7)

0.
54

 
(0

.0
7)

36
00

.5
8 

(0
.1

7)
94

.5
3 

(2
.7

4)
0.

23
 

(0
.0

5)
0.

62
 

(0
.1

9)
36

00
.3

9 
(0

.0
9)

94
.0

1 
(2

.2
7)

0.
24

 
(0

.0
4)

0.
62

 
(0

.1
5)

36
00

.3
7 

(0
.1

2)
91

.6
1 

(2
.8

3)
0.

29
 

(0
.0

4)
0.

73
 

(0
.1

3)
36

00
.4

2 
(0

.1
6)

84
.5

4 
(2

.8
2)

0.
39

 
(0

.0
3)

0.
76

 
(0

.1
3)

36
01

.1
9 

(1
.1

5)
PN

N
20

-3
-2

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0.

01
 (0

)
36

00
.3

7 
(0

.5
)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

31
1.

09
 

(2
80

.6
8)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

23
.8

1 
(1

0.
85

)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0 
(0

)
65

3.
81

 
(7

75
.2

9)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0.
01

 
(0

.0
1)

36
00

.3
2 

(0
.3

6)
20

-1
0-

2
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0.
01

 (0
)

36
00

.4
9 

(0
.3

9)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0.
01

 (0
)

36
00

.5
8 

(0
.5

3)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0 
(0

)
15

29
.0

9 
(1

89
1.

52
)

95
.7

1 
(0

.1
5)

0.
21

 (0
.0

)
0 

(0
)

36
03

.8
9 

(7
.2

5)
95

.7
1 

(0
.1

5)
0.

21
 (0

.0
)

0.
01

 (0
)

36
00

.4
9 

(0
.5

)

1 3

Page 31 of 44  6



V. Patil et al.

Ta
bl

e 
5 

C
om

pl
et

e 
R

es
ul

ts
 o

f P
os

tp
ar

tu
m

 H
yp

er
te

ns
io

n 
Ex

pe
rim

en
ts

Ex
pe

rim
en

t
M

od
el

M
od

el
 A

rc
hi

te
ct

ur
e

Av
er

ag
e 

G
ap

 (%
) w

ith
 

st
.d

ev
Av

er
ag

e 
R

un
tim

e 
(s

) w
ith

 
st

.d
ev

π
95

%
 C

on
fid

en
ce

 In
te

rv
al

90
%

 C
on

fid
en

ce
 In

te
rv

al

1
Po

lic
y 

in
 D

at
a

-
-

-
14

8.
32

[1
46

.5
9,

 1
50

.0
6]

[1
46

.9
7,

 1
49

.6
7]

B
-P

T
1

0.
0 

(0
.0

)
21

.7
4 

(1
.8

9)
14

6.
43

[1
45

.2
, 1

47
.6

6]
[1

45
.4

7,
 1

47
.3

9]
2

74
.8

4 
(1

3.
44

)
36

00
.1

5 
(0

.0
5)

14
7.

15
[1

45
.8

5,
 1

48
.4

4]
[1

46
.1

4,
 1

48
.1

6]
C

F
10

0
-

0.
14

 (0
.0

1)
14

6.
37

[1
45

.1
4,

 1
47

.5
9]

[1
45

.4
1,

 1
47

.3
2]

J-
PT

1
0.

05
 (0

.0
3)

3.
11

 (1
.3

3)
14

6.
48

[1
45

.2
5,

 1
47

.7
1]

[1
45

.5
2,

 1
47

.4
4]

2
0.

01
 (0

.0
2)

28
5.

77
 (2

8.
25

)
14

8.
58

[1
47

.3
2,

 1
49

.8
4]

[1
47

.6
, 1

49
.5

6]
K

-P
T

1
0.

0 
(0

.0
)

3.
96

 (0
.4

7)
14

6.
43

[1
45

.2
, 1

47
.6

6]
[1

45
.4

7,
 1

47
.3

9]
2

2.
32

 (5
.4

8)
26

20
.1

5 
(5

19
.6

8)
14

7.
22

[1
46

.0
4,

 1
48

.4
]

[1
46

.3
, 1

48
.1

4]
PN

N
22

-3
-2

0.
03

 (0
.0

)
36

00
.4

2 
(0

.4
9)

14
6.

43
[1

45
.2

, 1
47

.6
6]

[1
45

.4
7,

 1
47

.3
9]

22
-1

0-
2

0.
0 

(0
.0

)
23

33
.5

1 
(1

15
6.

53
)

14
5.

76
[1

43
.7

1,
 1

47
.8

1]
[1

44
.1

6,
 1

47
.3

6]
2

Po
lic

y 
in

 D
at

a
-

-
-

15
4.

92
[1

44
.5

8,
 1

65
.2

5]
[1

46
.8

7,
 1

62
.9

7]
B

-P
T

1
0.

02
 (0

.0
4)

33
.2

1 
(1

3.
37

)
15

5.
72

[1
45

.5
7,

 1
65

.8
6]

[1
47

.8
1,

 1
63

.6
2]

2
40

.1
8 

(2
1.

48
)

36
00

.1
5 

(0
.0

7)
15

5.
19

[1
45

.1
2,

 1
65

.2
7]

[1
47

.3
4,

 1
63

.0
5]

C
F

10
0

-
0.

17
 (0

.0
)

15
0.

05
[1

48
.4

7,
 1

51
.6

4]
[1

48
.8

2,
 1

51
.2

9]
J-

PT
1

0.
03

 (0
.0

4)
8.

94
 (4

.0
2)

14
9.

15
[1

47
.1

9,
 1

51
.1

]
[1

47
.6

2,
 1

50
.6

7]
2

0.
0 

(0
.0

1)
43

4.
55

 (4
1.

5)
15

0.
05

[1
48

.1
7,

 1
51

.9
4]

[1
48

.5
8,

 1
51

.5
2]

K
-P

T
1

0.
0 

(0
.0

)
5.

61
 (1

.5
1)

15
7.

32
[1

47
.2

2,
 1

67
.4

2]
[1

49
.4

5,
 1

65
.1

9]
2

0.
0 

(0
.0

)
15

07
.9

8 
(4

83
.2

9)
15

6.
16

[1
46

.1
9,

 1
66

.1
3]

[1
48

.3
9,

 1
63

.9
3]

PN
N

19
-3

-4
0.

03
 (0

.0
)

36
00

.1
4 

(0
.1

3)
14

8.
1

[1
46

.3
2,

 1
49

.8
8]

[1
46

.7
1,

 1
49

.4
9]

19
-1

0-
4

0.
01

 (0
.0

)
36

00
.9

7 
(1

.5
)

14
7.

3
[1

44
.4

8,
 1

50
.1

1]
[1

45
.1

, 1
49

.4
9]

3
Po

lic
y 

in
 D

at
a

-
-

-
15

0.
86

[1
46

.3
4,

 1
55

.3
8]

[1
47

.3
4,

 1
54

.3
8]

B
-P

T
1

0.
01

 (0
.0

3)
37

.0
2 

(1
5.

84
)

14
8.

52
[1

45
.9

8,
 1

51
.0

7]
[1

46
.5

4,
 1

50
.5

1]
2

0.
53

 (0
.9

)
31

56
.0

2 
(4

16
.6

3)
15

1.
99

[1
48

.7
4,

 1
55

.2
5]

[1
49

.4
6,

 1
54

.5
3]

C
F

10
0

-
0.

17
 (0

.0
1)

14
7.

39
[1

45
.0

5,
 1

49
.7

3]
[1

45
.5

6,
 1

49
.2

1]
J-

PT
1

0.
02

 (0
.0

3)
12

.7
7 

(5
.6

5)
14

6.
7

[1
44

.2
7,

 1
49

.1
4]

[1
44

.8
, 1

48
.6

]
2

0.
01

 (0
.0

2)
66

5.
01

 (1
65

.1
1)

14
8.

5
[1

46
.2

8,
 1

50
.7

2]
[1

46
.7

7,
 1

50
.2

3]
K

-P
T

1
0.

0 
(0

.0
)

6.
39

 (3
.8

9)
14

8.
32

[1
45

.7
8,

 1
50

.8
6]

[1
46

.3
4,

 1
50

.3
]

2
21

.3
8 

(3
3.

41
)

18
55

.2
4 

(1
50

7.
95

)
15

1.
89

[1
49

.2
6,

 1
54

.5
1]

[1
49

.8
4,

 1
53

.9
3]

PN
N

18
-3

-7
0.

09
 (0

.0
1)

36
00

.1
6 

(0
.1

6)
14

6.
05

[1
44

.0
7,

 1
48

.0
3]

[1
44

.5
, 1

47
.5

9]
18

-1
0-

7
0.

09
 (0

.0
1)

36
00

.3
4 

(0
.1

)
14

5.
38

[1
43

.6
5,

 1
47

.1
2]

[1
44

.0
3,

 1
46

.7
4]

1 3

6  Page 32 of 44



Healthcare applications of 0-1 neural networks in prescriptive problems with observational data

Table 6  Complete Results of Warfarin Dosing Experiments.
Method Model Architecture Average Gap (%) 

with st.dev
Average Runtime (s) 
with st.dev

π 95% Confidence 
Interval

90% Confi-
dence Interval

Policy in Data - - - 0.609 [0.325, 0.892] [0.388, 0.829]
B-PT 1 0.0 (0.0) 1185.55 (146.99) 0.510 [0.271, 0.749] [0.324, 0.696]

2 100.0 (0.0) 3600.05 (0.01) 0.545 [0.312, 0.779] [0.363, 0.727]
CF 100 - 0.85 (0.02) 0.265 [0.248, 0.282] [0.252, 0.279]
J-PT 1 0.0 (0.0) 89.52 (32.72) 0.232 [0.182, 0.283] [0.193, 0.272]

2 146.35 (46.04) 3600.38 (0.4) 0.275 [0.265, 0.284] [0.267, 0.282]
K-PT 1 0.0 (0.0) 211.66 (63.94) 0.506 [0.267, 0.744] [0.32, 0.692]

2 100.0 (0.0) 3600.3 (0.08) 0.449 [0.205, 0.693] [0.259, 0.639]
PNN 76-3-2 73.6 (82.02) 3170.79 (867.48) 0.295 [0.281, 0.309] [0.284, 0.306]

76-10-2 92.78 (47.38) 3600.79 (0.9) 0.290 [0.271, 0.310] [0.275, 0.305]

Table 7  Complete Results of Prediction Experiments
Training Approach Hidden Layer 

Activation
Architecture Average Runtime 

(s)
Average Optimal-
ity Gap (%)

Aveage Final Train-
ing Accuracy (%)

Final Testing 
Average 
Accuracy (%)

SGD Binary (1, 3) 165.31 - 79.0 77.3
(1, 5) 195.42 - 81.0 79.3
(1, 10) 181.83 - 80.0 80.00
(2, 3) 197.65 - 58.0 61.00
(2, 5) 207.99 - 62.0 65.3
(2, 10) 207.49 - 79.0 77.7
(3, 3) 223.53 - 50.0 50.3
(3, 5) 239.01 - 51.0 48.9
(3, 10) 242.44 - 61.0 67.0

ReLU (1, 3) 125.49 - 50.0 50.3
(1, 5) 132.43 - 50.0 50.3
(1, 10) 138.27 - 50.0 50.3
(2, 3) 149.75 - 50.0 50.3
(2, 5) 155.35 - 50.0 50.3
(2, 10) 159.56 - 54.0 53.4
(3, 3) 169.57 - 50.0 50.3
(3, 5) 174.85 - 50.0 50.3
(3, 10) 181.34 - 50.0 50.3

MIP Binary (1, 3) 68.88 0.00 98.4 84.8
(1, 5) 37.63 0.00 99.2 84.8
(1, 10) 34.08 0.00 98.8 82.2
(2, 3) 125.75 0.00 60.8 62.4
(2, 5) 431.15 0.00 100.0 80.3
(2, 10) 1056.70 0.00 99.6 87.0
(3, 3) 238.75 0.00 100.0 90.1
(3, 5) 135.02 0.00 99.2 85.9
(3, 10) 3601.15 100.00 75.6 66.2

1 3
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Table 14  PNN Hyperparamter Tuning Results for Hypertension Experiments with ℓ0 Regularization
Experiment Width Hyper Parameter Gap (%) Runtime (s) Average Outcome 95% Confidence Interval 90% Confidence Interval
1 3 0 0.01 3600.31 148.41 [147.08, 149.74] [147.08, 149.74]

0.01 0.01 3600.31 148.5 [147.14, 149.87] [147.14, 149.87]
0.1 0.03 3600.42 146.43 [145.2, 147.66] [145.2, 147.66]
1 0.01 3041.54 146.43 [145.2, 147.66] [145.2, 147.66]
10 0 5.49 146.43 [145.2, 147.66] [145.2, 147.66]

10 0 0 2333.51 145.76 [143.71, 147.81] [143.71, 147.81]
0.01 0.01 3600.36 149.02 [147.79, 150.26] [147.79, 150.26]
0.1 0.04 3600.38 146.43 [145.2, 147.66] [145.2, 147.66]
1 0.03 3600.37 146.43 [145.2, 147.66] [145.2, 147.66]
10 0 34.95 146.43 [145.2, 147.66] [145.2, 147.66]

2 3 0 0.03 3600.14 148.1 [146.32, 149.88] [146.32, 149.88]
0.01 0.03 3601.03 149.46 [147.71, 151.22] [147.71, 151.22]
0.1 0.05 3602.06 149.77 [147.67, 151.87] [147.67, 151.87]
1 0.07 3600.48 157.07 [146.98, 167.17] [146.98, 167.17]
10 0 102.39 148.11 [146.26, 149.97] [146.26, 149.97]

10 0 0.01 3600.97 147.3 [144.48, 150.11] [144.48, 150.11]
0.01 0.02 3600.4 158.12 [147.85, 168.39] [147.85, 168.39]
0.1 0.07 3600.3 154.68 [144.66, 164.7] [144.66, 164.7]
1 0.09 3600.37 156.82 [146.72, 166.92] [146.72, 166.92]
10 0 644.74 150.68 [148.66, 152.69] [148.66, 152.69]

3 3 0 0.05 3600.11 148.83 [147.17, 150.49] [147.17, 150.49]
0.01 0.06 3600.17 146.89 [145.93, 147.85] [145.93, 147.85]
0.1 0.07 3600.61 149.1 [146.97, 151.24] [146.97, 151.24]
1 0.09 3600.16 146.05 [144.07, 148.03] [144.07, 148.03]
10 0 1408.52 146.92 [145.06, 148.79] [145.06, 148.79]

10 0 0.06 3600.31 147.4 [144.15, 150.64] [144.15, 150.64]
0.01 0.05 3600.5 157.74 [153.55, 161.92] [153.55, 161.92]
0.1 0.09 3600.34 145.38 [143.65, 147.12] [143.65, 147.12]
1 0.07 3601.26 146.79 [145.12, 148.46] [145.12, 148.46]
10 0 3233.17 146.14 [144.56, 147.71] [144.56, 147.71]

Table 15  Feature names and their descriptions for the postpartum hypertension experiments.
Feature Name Description
mode.del Mode of delivery: Cesarean/Vaginal
chronicHTN Chronic Hypertension: Yes/No
gestHTN Gestational Hypertension: Yes/No
bmi.prenatal Pre-natal maternal BMI (Continuous)
sipe Superimposed Pre-eclampsia: Yes/No
race White, Black, Other
ethnicity Non-hispanic, Hispanic
feeding.br Breast feeding: Yes/No
mom.age Maternal age (Discrete)
ethnicity Non-hispanic, Hispanic
insurance Private, Medicaid, Other, Unknown
tobacco Tobacco use: Yes/No
DM.gest Gestational Diabetes: Yes/No
gest.age Gestational Age (Discrete)
pree Pre-eclampsia: Yes/No
pree.w.sf Pre-eclampsia with Severe Features: Yes/No
eclampsia Eclampsia: Yes/No
hellp Hemolysis, Elevated Liver Enzymes, Low Platelet Count: Yes/No

1 3
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