
https://pubsonline.informs.org/journal/moor

Submitted to Mathematics of Operations Research

MATHEMATICS OF OPERATIONS RESEARCH
Vol. 00, No. 0, Xxxxx 0000, pp. 000–000

ISSN 0364-765X, EISSN 1526-5471

A Hereditary Property of Cutting Plane
Procedures
(Authors’ names are not included for peer review)

Authors are encouraged to submit new

papers to INFORMS journals by means

of a style file template, which includes

the journal title. However, use of a tem-

plate does not certify that the paper

has been accepted for publication in the

named journal. INFORMS journal tem-

plates are for the exclusive purpose of

submitting to an INFORMS journal and

are not intended to be a true representa-

tion of the article’s final published form.

Use of this template to distribute papers

in print or online or to submit papers

to another non-INFORM publication is

prohibited.

Abstract. Let 𝐾′ denote the closure of a convex set K under a cutting-plane pro-

cedure. The procedure satisfies the hereditary property if 𝐹′ = 𝐾′ ∩ 𝐹 for every face

𝐹 of 𝐾 . This property underlies inductive proofs of finite rank and polyhedrality of

closures, and is an admissibility requirement in cutting-plane frameworks, yet remains

understudied systemically. We give two sufficient conditions for the hereditary prop-

erty. The first applies to procedures expressible as intersection-cut closures from a

family of lattice-free convex sets, when one family realizes the closure of𝐾 and of each

face. This yields the property for the split, lift-and-project, Lovász–Schrijver, Sher-

ali–Adams, and Lasserre closures. The second applies to procedures whose cuts are

valid for Gomory’s corner polyhedron, yielding it for Dantzig cuts from all bases. We

also show the property fails for Gomory’s fractional cuts, the mixed-integer Chvátal

closure, the +-cut closure, and Dantzig cuts from feasible bases.

Key words: Cutting planes, Hereditary property, Intersection cuts, Lattice-free

convex sets, Corner polyhedron, Integer programming

1. Introduction Cutting-plane procedures are among the most fundamental tools in integer and mixed-

integer optimization. They provide a systematic mechanism for strengthening linear relaxations by iteratively

adding linear inequalities that separate fractional solutions while preserving all integer feasible points. The

resulting sequence of relaxations, or closures, has proven central both to theoretical analyses and to the design

of modern mixed-integer linear programming algorithms. In practice, cutting-plane methods complement

enumeration-based algorithms such as branch-and-bound.

Despite the diversity among cutting plane procedures (Chvátal cuts, split cuts, lift-and-project cuts,

hierarchies such as Lovász-Schrijver, Sherali–Adams, Lasserre, among others), one unifying feature that

recurs in many finite-rank and admissibility arguments is the following hereditary property. Let 𝐾 ⊆ R𝑛

be a convex set, and let 𝐾 ′ ⊆ 𝐾 denote the closure of 𝐾 under a given cutting plane procedure — that is,

the convex set obtained by intersecting 𝐾 with all the linear inequalities derived by the procedure. In this

paper, we assume that, if a cutting plane procedure can be applied to a convex set 𝐾 , it can also be applied

to all its faces. Recall that a convex subset 𝐹 ⊆ 𝐾 is a face of 𝐾 if 𝜆𝑢 + (1 − 𝜆)𝑣 ∈ 𝐹 with 𝑢, 𝑣 ∈ 𝐾 and

𝜆 ∈ (0,1) implies 𝑢, 𝑣 ∈ 𝐹. Every face 𝐹 of a convex set 𝐾 is also a convex set (see, e.g., Rockafellar (1970)

1



Authors’ names not included for peer review
2 Article submitted to Mathematics of Operations Research

[30], Hiriart-Urruty (2004) [25]). A face 𝐹 is exposed if there is an inequality 𝑐𝑥 ≤ 𝛿, valid for 𝐾 , such

that 𝐹 = 𝐾 ∩ {𝑥 : 𝑐𝑥 = 𝛿}. The faces of a polyhedron are always exposed, but this is not true in general for

convex sets. A cutting plane procedure is said to satisfy the hereditary property if, for every face 𝐹 of 𝐾

(not necessarily exposed), the closure of 𝐹 under the same procedure satisfies

𝐹′ = 𝐾 ′ ∩ 𝐹.

Pokutta and Schulz (2010) [29] use the term homogeneity for the restricted property (𝐹 ∩ 𝐾)′ = 𝐾 ′ ∩ 𝐹
where 𝐹 is a face of the unit hypercube [0,1]𝑛 and 𝐾 ⊆ [0,1]𝑛, while Dey and Pokutta (2014) [18] use

strong homogeneity for the more general property considered in this paper. We prefer the term hereditary

property, in reference to the face lattice of 𝐾 ordered by inclusion.

1.1. Literature Review The hereditary property plays a pivotal role in several aspects of cutting-

plane theory (see for example Schrijver (1986) [32], Cook et al. (1990) [12]). It underlies inductive proofs

of finite-rank results, which decompose the analysis across faces of decreasing dimension, as in classical

arguments bounding the rank and establishing polyhedrality of the Chvátal closure (Chvátal (1973) [10],

Dunkel and Schulz (2013) [19], Dadush et al. (2014) [15]). It is also an essential condition for admissibility

in abstract frameworks for closure procedures (Pokutta and Schulz (2010) [29], Dey and Pokutta (2014)

[18]).

Despite its fundamental nature, the hereditary property has not been systematically studied across the

broad spectrum of cutting-plane procedures that have appeared in the literature. While the property has been

proven to hold for some classical closures, such as the Chvátal closure and the Lovász–Schrijver relaxation

(Dash (2001) [17]), it remains formally unclear for other well-known cuts, such as split cuts and Dantzig

cuts, and hierarchies, including the lift-and-project procedures of Balas-Ceria-Cornuéjols, Sherali–Adams,

and Lasserre. Moreover, counterexamples for other procedures are seldom discussed. This gap motivates a

systematic investigation of the hereditary property as a unifying concept in cutting-plane theory.

For the Chvátal closure (Gomory (1958) [20], Chvátal (1973) [10]), the hereditary property is proven

within the classical finite-rank analysis of Schrijver (1980) [31] and Cook et al. (1990) [12]. Dunkel and

Schulz (2013) [19] extended the hereditary property to irrational polytopes, and Dadush et al. (2014) [15]

further extended it to arbitrary compact convex sets, with a short alternative proof given by Braun and

Pokutta (2017) [9].

Beyond the Chvátal framework, Cook et al. (1990) [12] introduced the split closure, derived from

disjunctions {𝑥 ∈ R𝑛 : 𝜋0 ≤ 𝜋𝑥 ≤ 𝜋0 +1}, and viewed the Chvátal closure as a type of split-and-round closure

for which they showed the hereditary property. Their argument is restricted to the pure integer setting and

does not naturally extend to the mixed-integer case. This property has not been formally proven for the

classical split closure.
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The hereditary property has been established for the Lovász–Schrijver operator on rational polytopes

(Dash (2001) [17]). Whether this property also holds for the lift-and-project closure (Balas et al. (1993) [5]),

the Sherali–Adams hierarchy (Sherali and Adams (1990) [33]), and the Lasserre hierarchy (Lasserre (2001)

[26]) has not been explicitly analyzed.

Our analysis builds on the intersection-cut framework of Balas (1971) [3]. Averkov (2012) [2] recasts

intersection cuts in terms of 𝐿-reductions and closure operators, the formulation we adopt in this work.

For procedures that are intrinsically tied to a polyhedral description, we rely instead on Gomory’s corner

polyhedron (Gomory (1969) [23]). The hereditary property has not been studied in either setting.

1.2. Our Contributions and Outline This paper makes three contributions. The first, Theorem 1,

establishes the hereditary property for any closure operator that can be expressed as an L-closure, provided

the same family L of lattice-free convex sets realizes the closure of the underlying convex set 𝐾 and of

each of its faces. This is precisely the setting of intersection cuts in the sense of Balas (1971) [3] and

Averkov (2012) [2], and we show that these cuts cover the split, lift-and-project, Lovász–Schrijver, Sherali–

Adams, and Lasserre procedures. The second contribution is a collection of counterexamples showing that

the hereditary property fails for four classical procedures, namely the closure of Gomory fractional cuts,

derived from either all bases or feasible bases only, the mixed-integer Chvátal closure, the +-cut closure of

Pokutta and Schulz (2010) [29], and the closure of Dantzig cuts derived from feasible bases. The failure

for the Gomory fractional closure is perhaps surprising, as these cuts underlie a cutting-plane algorithm

for pure integer programming that guarantees finite convergence, and the closure they define is a relaxation

of the Chvátal closure, which does satisfy the hereditary property. The third contribution, Theorem 2, is a

sufficient condition for the hereditary property of closures built from valid inequalities for Gomory’s corner

polyhedron, where the cuts are indexed by the bases of the constraint matrix, so that no family of lattice-free

convex sets common to the polyhedron and its faces is available. This condition establishes the hereditary

property for the closure of Dantzig cuts derived from all bases, and it sheds light on the failures above, as

the closures of Gomory fractional cuts and of Dantzig cuts derived from feasible bases satisfy one of its two

requirements but not the other.

The bulk of prior work on the hereditary property for cutting-plane procedures is restricted to the rational

polyhedral setting, with Dunkel and Schulz (2013) [19] and Dadush et al. (2014) [15] being notable exceptions

that treat irrational polytopes and compact convex sets, respectively, but only for the Chvátal closure.

Moreover, the existing literature uniformly works with exposed faces. While every face of a polyhedron is

exposed, this need not be the case for general convex sets. In contrast, our results address general convex

sets and the broader notion of a face that need not be exposed. To the best of our knowledge, both extensions

are new for the procedures considered in this work. We do, however, restrict to the polyhedral setting where

the underlying structure asks it, as with Theorem 2 and the Sherali–Adams and Lasserre hierarchies.
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The remainder of the paper is organized as follows. In Section 2 we prove Theorem 1 on the hereditary

property for L-closures. Section 3 applies this result to derive the hereditary property for the split, lift-and-

project, Lovász–Schrijver, Sherali–Adams, and Lasserre closures, showing in each case that the procedure can

be expressed as anL-closure for a single familyL shared by the underlying set and its faces. Section 4 presents

four classical procedures for which the hereditary property fails. Finally, in Section 5 we prove Theorem 2, a

compatibility criterion for closures built from valid inequalities for Gomory’s corner polyhedron, and apply

it to establish the hereditary property for the closure of Dantzig cuts derived from all bases.

1.3. Notation Throughout, 𝐾 ⊆ R𝑛 denotes a convex set. We let the mixed-integer feasible region be

𝑆 := {𝑥 ∈ 𝐾 : 𝑥 𝑗 ∈ Z, 𝑗 ∈ 𝐼},

where 𝐼 ⊆ {1, . . . , 𝑛} indexes the integer variables and 𝐶 := {1, . . . , 𝑛} \ 𝐼 the continuous ones. We write

int(·) to denote the interior of a set.

2. Intersection Cuts and the L-Closure We begin by introducing a geometric framework that

encompasses a broad class of cutting-plane procedures. This abstraction is naturally captured by the notion

of intersection cuts (Balas (1971) [3], Averkov (2012) [2]), and yields our first main result.

2.1. The L-Closure Let L be a family of 𝑛-dimensional convex sets in R𝑛, and let 𝐾 ⊆ R𝑛 be a

convex set. Following Averkov (2012) [2], define

𝑅𝐿 (𝐾) := conv(𝐾 \ int(𝐿)) for 𝐿 ∈ L,

𝑅L (𝐾) :=
⋂
𝐿∈L

𝑅𝐿 (𝐾).

We refer to 𝑅𝐿 (𝐾) as the 𝐿-reduction of 𝐾 , and to 𝑅L (𝐾) as its L-closure. Note that 𝑅𝐿 (𝐾) is not a closed

set in general, even when 𝐾 is a closed convex set and 𝐿 is a closed full-dimensional convex set (see Averkov

(2011) [1], Figure 5). However, 𝑅𝐿 (𝐾) is closed whenever 𝐾 is closed and 𝐿 is either a halfspace or rec(𝐿)

is a linear space (Averkov (2011) [1], Theorem 3.2). In particular, this holds when 𝐿 is a split. In such cases,

𝑅L (𝐾) is a closed convex set because it is the intersection of closed convex sets.

Following the notation of Section 1.3 we consider the mixed-integer feasible region 𝑆 = 𝐾 ∩ (Z |𝐼 | ×R |𝐶 |).

A set 𝐿 ⊆ R𝑛 is said to be lattice-free if

int(𝐿) ∩ (Z |𝐼 | ×R |𝐶 |) = ∅.
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In the pure-integer case 𝐶 = ∅ this is the classical integer-free condition int(𝐿) ∩Z𝑛 = ∅. If 𝐿 is lattice-free,

then since 𝑅𝐿 (𝐾) ⊆ 𝐾 and 𝐾 \ int(𝐿) ⊆ 𝑅𝐿 (𝐾),

𝑅𝐿 (𝐾) ∩ (Z |𝐼 | ×R |𝐶 |) = 𝐾 ∩ (Z |𝐼 | ×R |𝐶 |) = 𝑆,

so any halfspace 𝐻+ with 𝑅𝐿 (𝐾) ⊆ 𝐻+ defines an inequality valid for 𝑆. If in addition 𝐾 ⊈ 𝐻+, the boundary

of 𝐻+ separates some point of 𝐾 from 𝑅𝐿 (𝐾), and the resulting inequality is called an intersection cut

associated with 𝐿.

2.2. The Hereditary Property for L-Closures We now turn to the central result of this section,

which states that any L-closure satisfies the hereditary property, provided the same family L is used for a

convex set and its faces. We begin with a basic and well-known property of faces of convex sets (see, e.g.,

Rockafeller (1970) [30], Section 18). We include a short proof for completeness.

LEMMA 1. Let 𝐹 be a face of a convex set 𝐾 . If 𝑧 =
∑𝑟

𝑖=1 𝜆𝑖𝑝𝑖 for some integer 𝑟 ≥ 1, where 𝑝𝑖 ∈ 𝐾 ,

𝜆𝑖 > 0,
∑𝑟

𝑖=1 𝜆𝑖 = 1, and 𝑧 ∈ 𝐹, then 𝑝𝑖 ∈ 𝐹 for all 𝑖 = 1, . . . , 𝑟 .

Proof. The proof is by induction on 𝑟. The case 𝑟 = 1 is trivial, and the case 𝑟 = 2 is the defining

property of a face. For 𝑟 ≥ 3, set 𝜇 := 1− 𝜆1 ∈ (0,1) and 𝑞 :=
∑𝑟

𝑖=2(𝜆𝑖/𝜇) 𝑝𝑖. Since 𝐾 is convex, 𝑞 ∈ 𝐾 , and

𝑧 = 𝜆1𝑝1 + 𝜇𝑞 is a convex combination of two points of 𝐾 with 𝜆1, 𝜇 ∈ (0,1). Since 𝑧 ∈ 𝐹, the definition of

a face of a convex set implies that 𝑝1, 𝑞 ∈ 𝐹. Applying the induction hypothesis to 𝑞 =
∑𝑟

𝑖=2(𝜆𝑖/𝜇) 𝑝𝑖 ∈ 𝐹

yields 𝑝𝑖 ∈ 𝐹 for 𝑖 = 2, . . . , 𝑟 . □

THEOREM 1. Let 𝐾 ⊆ R𝑛 be a convex set, and let L be any family of full-dimensional convex sets in

R𝑛. Then, for any face 𝐹 of 𝐾 ,

𝑅L (𝐹) = 𝑅L (𝐾) ∩ 𝐹.

Proof. We first prove the inclusion 𝑅L (𝐹) ⊆ 𝑅L (𝐾) ∩𝐹. Fix 𝐿 ∈ L. Since 𝐹 ⊆ 𝐾 , we have 𝐹 \ int(𝐿) ⊆

𝐾 \ int(𝐿), and the convexity of 𝐹 gives conv(𝐹 \ int(𝐿)) ⊆ 𝐹. Hence

conv(𝐹 \ int(𝐿)) ⊆ 𝐹 ∩ conv(𝐾 \ int(𝐿)) = 𝐹 ∩ 𝑅𝐿 (𝐾).

Intersecting over all 𝐿 ∈ L yields 𝑅L (𝐹) ⊆ 𝑅L (𝐾) ∩ 𝐹.

Next, we prove the reverse inclusion. Let 𝑥 ∈ 𝑅L (𝐾) ∩𝐹 and fix 𝐿 ∈ L. Because 𝑅𝐿 (𝐾) = conv(𝐾 \ int(𝐿))

is a convex set, there exist finitely many points 𝑝1, . . . , 𝑝𝑟 ∈ 𝐾 \ int(𝐿) and scalars 𝜆1, . . . , 𝜆𝑟 > 0 with∑𝑟
𝑖=1 𝜆𝑖 = 1 such that 𝑥 =

∑𝑟
𝑖=1 𝜆𝑖𝑝𝑖. Since 𝑥 ∈ 𝐹, Lemma 1 gives 𝑝𝑖 ∈ 𝐹 for all 𝑖, and consequently 𝑝𝑖 ∈

𝐹 \ int(𝐿). Therefore 𝑥 ∈ conv(𝐹 \ int(𝐿)) = 𝑅𝐿 (𝐹). Since 𝐿 ∈ L was arbitrary, 𝑥 ∈ 𝑅L (𝐹). □
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The only hypothesis is that the same family L be used for both 𝐾 and its face 𝐹. The family itself is

arbitrary, and the proof applies to every face 𝐹, without requiring exposedness. Consequently, to derive the

hereditary property of a cutting-plane procedure from Theorem 1, it suffices to exhibit a single family L such

that the procedure applied to 𝐾 yields 𝑅L (𝐾) and the procedure applied to 𝐹 yields 𝑅L (𝐹). A family chosen

independently of the underlying set is automatically common to 𝐾 and 𝐹. By contrast, procedures such as

the Chvátal-Gomory and Dantzig closures are intrinsically tied to the description of the set to which they are

applied. When applied to a face 𝐹 of 𝐾 , they generate cuts from the description of 𝐹, and no common family

is apparent. For several such procedures the hereditary property fails outright (Section 4), and Theorem 1

then rules out any common family. The Gomory fractional cut closure and the Dantzig closure are discussed

within the corner-polyhedron framework of Section 5.

3. The Hereditary Property of Cutting-Plane Procedures via L-Closures In this section, we

apply Theorem 1 to derive the hereditary property of several classical cutting-plane procedures. We consider

the setup of Section 1.3. For each procedure we show that the closures of the underlying convex set and

of its faces can be expressed as L-closures for a common family L, so that Theorem 1 applies. For the

split, lift-and-project, Lovász–Schrijver, and Sherali–Adams procedures, the family does not depend on the

underlying convex set, and is therefore automatically common. For the Lasserre hierarchy, the family is built

from the inequalities describing the polyhedron, and showing that it also realizes the closure of each face

requires an additional argument.

3.1. Split Closure In this section, we discuss the split cuts of Cook et al. (1990) [12], a special case

of Balas’ disjunctive cuts (Balas (1979) [4]). We show that the split closure is an L-closure for a family L
that does not depend on 𝐾 , and is therefore common to 𝐾 and its faces. The hereditary property follows

from Theorem 1.

A split is a pair (𝜋, 𝜋0) ∈ Z𝑛 ×Z such that 𝜋 𝑗 = 0 for all 𝑗 ∈𝐶. Given (𝜋, 𝜋0), define the disjunctive sets

Π1 := 𝐾 ∩ {𝑥 : 𝜋𝑥 ≤ 𝜋0}, Π2 := 𝐾 ∩ {𝑥 : 𝜋𝑥 ≥ 𝜋0 + 1},

and 𝐾 (𝜋,𝜋0 ) := conv(Π1 ∪Π2).

A split cut is any linear inequality that is valid for 𝐾 (𝜋,𝜋0 ) for some split (𝜋, 𝜋0) but is not valid for 𝐾 . The

split closure of 𝐾 is defined as

𝐾 ′ :=
⋂

(𝜋,𝜋0 )
𝐾 (𝜋,𝜋0 ) ,
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where the intersection ranges over all splits. Define 𝐾 (1) := 𝐾 ′ and 𝐾 (𝑡 ) := (𝐾 (𝑡−1) )′ for 𝑡 ≥ 2, the 𝑡th split

closure of 𝐾 . If 𝐾 is a rational polyhedron, then so is 𝐾 ′ (Cook et al. (1990) [12]). If 𝐾 is a full dimensional,

strictly convex, compact set, then 𝐾 ′ is defined by a finite number of splits, but is not necessarily polyhedral

(Dadush et al. (2011) [14]).

Define, for each split (𝜋, 𝜋0), the lattice-free strip

𝐿 (𝜋, 𝜋0) := {𝑥 ∈ R𝑛 : 𝜋0 ≤ 𝜋𝑥 ≤ 𝜋0 + 1},

and let Lsplit := {𝐿 (𝜋, 𝜋0) : (𝜋, 𝜋0) ∈ Z𝑛 ×Z, 𝜋 𝑗 = 0 ∀ 𝑗 ∈𝐶}. Note that 𝐿 (𝜋, 𝜋0) is full-dimensional and that

the interior of 𝐿 (𝜋, 𝜋0) is {𝑥 : 𝜋0 < 𝜋𝑥 < 𝜋0 + 1}. Since the support of 𝜋 is contained in 𝐼, we have 𝜋𝑥 ∈ Z

for every 𝑥 ∈ Z |𝐼 | × R |𝐶 | , so the interior is disjoint from Z |𝐼 | × R |𝐶 | . Hence 𝐿 (𝜋, 𝜋0) is lattice-free in the

mixed-integer sense.

For each split (𝜋, 𝜋0), the 𝐿-reduction

𝑅𝐿 (𝜋,𝜋0 ) (𝐾) = conv
(
(𝐾 ∩ {𝑥 : 𝜋𝑥 ≤ 𝜋0}) ∪ (𝐾 ∩ {𝑥 : 𝜋𝑥 ≥ 𝜋0 + 1})

)
= 𝐾 (𝜋,𝜋0 )

coincides with the split relaxation 𝐾 (𝜋,𝜋0 ) . Intersecting over all splits gives

𝑅Lsplit (𝐾) = 𝐾 ′.

Thus the split closure of 𝐾 is precisely the Lsplit-closure of 𝐾 . Since Lsplit depends only on the integer index

set 𝐼, and not on 𝐾 , Theorem 1 applies and yields the following corollary.

COROLLARY 1 (Split closure). For any convex set 𝐾 ⊆ R𝑛 and any face 𝐹 of 𝐾 ,

𝐹′ = 𝐾 ′ ∩ 𝐹.

By induction on 𝑡, 𝐹 (𝑡 ) = 𝐾 (𝑡 ) ∩ 𝐹 for all 𝑡 ≥ 1.

3.2. Lift-and-Project Closure We next consider the lift-and-project cuts of Balas et al. (1993) [5],

which arise from the binary disjunction 𝑥𝑖 ∈ {0,1} for each integer-restricted variable 𝑥𝑖 , 𝑖 ∈ 𝐼 ⊆ {1, . . . , 𝑛}.
Suppose the integer variables indexed by 𝐼 are binary, so that

0 ≤ 𝑥𝑖 ≤ 1 for all 𝑖 ∈ 𝐼 .

The lift-and-project closure of 𝐾 is defined as

LP(𝐾) :=
⋂
𝑖∈𝐼

conv
(
(𝐾 ∩ {𝑥𝑖 = 0}) ∪ (𝐾 ∩ {𝑥𝑖 = 1})

)
.

Let LP0(𝐾) := 𝐾 and define recursively LP𝑘 (𝐾) := LP(LP𝑘−1(𝐾)) for 𝑘 ≥ 1. By Balas’ sequential convexi-

fication theorem, LP |𝐼 | (𝐾) = conv(𝑆).
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For each binary variable 𝑥𝑖, the disjunction 𝑥𝑖 ∈ {0,1} can be represented by the lattice-free set

𝐿𝑖 := {𝑥 ∈ R𝑛 : 0 ≤ 𝑥𝑖 ≤ 1}.

Choosing Llp := {𝐿𝑖 : 𝑖 ∈ 𝐼} and applying the reduction operator gives

𝑅Llp (𝐾) =
⋂
𝑖∈𝐼

conv
(
(𝐾 ∩ {𝑥𝑖 = 0}) ∪ (𝐾 ∩ {𝑥𝑖 = 1})

)
= LP(𝐾),

which coincides exactly with the lift-and-project closure. Since Llp depends only on 𝐼 and not on 𝐾 ,

Theorem 1 applies.

COROLLARY 2 (Lift-and-project closure). Let 𝐾 ⊆ R𝑛 be a convex set such that 0 ≤ 𝑥𝑖 ≤ 1 is valid

for all 𝑖 ∈ 𝐼, and let 𝐹 be a face of 𝐾 . Then

LP(𝐹) = LP(𝐾) ∩ 𝐹,

and by induction LP𝑘 (𝐹) = LP𝑘 (𝐾) ∩ 𝐹 for all 𝑘 ≥ 1.

3.3. Lovász–Schrijver Procedure We now turn to the procedure of Lovász and Schrijver (1991)

[28]. This procedure operates in a lifted matrix space and is therefore not, at first sight, an L-closure in

the original variables. Nevertheless, after the lift, both the diagonal-equality strengthening and the positive

semidefinite strengthening can be expressed as intersection cuts with respect to families that do not depend

on 𝐾 . Theorem 1, applied in the lifted space, then yields the hereditary property after projection.

We present the Lovász–Schrijver procedure in the mixed-integer setting, where the integer-restricted

variables indexed by 𝐼 satisfy 0 ≤ 𝑥𝑖 ≤ 1 and the continuous variables indexed by 𝐶 are unrestricted.

Throughout this subsection, 𝐾 is a convex set with 𝐾 ⊆ {𝑥 ∈ R𝑛 : 0 ≤ 𝑥𝑖 ≤ 1, 𝑖 ∈ 𝐼}, where 𝐼 ≠ ∅. The pure

binary case is recovered when 𝐶 = ∅ and 𝐾 ⊆ [0,1]𝑛.

Define the homogenization cone of 𝐾 as

𝐾̃ :=
{
𝜆

(
1
𝑥

)
: 𝑥 ∈ 𝐾, 𝜆 ≥ 0

}
⊆ R𝑛+1,

where the additional coordinate is indexed by 0, and let 𝑒0, 𝑒1, . . . , 𝑒𝑛 denote the unit vectors in R𝑛+1. The

procedure proceeds as follows:

1. Let 𝑀̂ (𝐾) denote the set of symmetric (𝑛 + 1) × (𝑛 + 1) matrices 𝑌 such that

𝑦00 = 1, 𝑌𝑒𝑖 ∈ 𝐾̃, 𝑌𝑒0 −𝑌𝑒𝑖 ∈ 𝐾̃, 𝑖 ∈ 𝐼 . (1)

We can view the set 𝑀̂ (𝐾) as a subset of R
(𝑛+1) (𝑛+2)

2 because of the symmetry 𝑦𝑖 𝑗 = 𝑦 𝑗𝑖 for 𝑖 ≠ 𝑗 . (1) are

imposed only for 𝑖 ∈ 𝐼. To see why, note that for any 𝑥 ∈ 𝑆 and the rank-one lift 𝑌 =
(1
𝑥

)
(1 𝑥),

𝑌𝑒𝑖 = 𝑥𝑖

(
1
𝑥

)
, 𝑌𝑒0 −𝑌𝑒𝑖 = (1− 𝑥𝑖)

(
1
𝑥

)
.
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Both lie in the convex cone 𝐾̃ exactly when 𝑥𝑖 ≥ 0 and 1− 𝑥𝑖 ≥ 0, which is guaranteed only for 𝑖 ∈ 𝐼.
The matrix 𝑌 retains all (𝑛 + 1) rows and columns. By symmetry, the constraints (1) hold for every

entry 𝑦𝑘𝑖 with 𝑖 ∈ 𝐼 (and hence 𝑦𝑖𝑘 as well), and the implicit constraint 𝑌𝑒0 ∈ 𝐾̃ , which is obtained by

summing the two memberships and using that 𝐾̃ is a convex cone, holds for the 0-th column. The only

entries of 𝑌 left fully unconstrained by (1) are those in the 𝐶 ×𝐶 block {𝑦 𝑗𝑘 : 𝑗 , 𝑘 ∈𝐶}.
2. Strengthen 𝑀̂ (𝐾) by imposing the diagonal equalities 𝑦𝑖𝑖 = 𝑦0𝑖 for 𝑖 ∈ 𝐼, and denote the resulting set

by 𝑀 (𝐾). These equalities encode 𝑥2
𝑖
= 𝑥𝑖 and are therefore imposed only for the integer-restricted

variables.

3. Let 𝑀+(𝐾) := {𝑌 ∈ 𝑀 (𝐾) :𝑌 ⪰ 0}.
4. Project 𝑀+(𝐾) onto the 𝑥-space:

𝑁+(𝐾) :=
{
𝑥 ∈ R𝑛 :

(
1
𝑥

)
=𝑌𝑒0 for some 𝑌 ∈ 𝑀+(𝐾)

}
.

Observe that 𝑁+(𝐾) is a convex set. Moreover, 𝑁+(𝐾) ⊆ 𝐾 , because for any 𝑖 ∈ 𝐼 and 𝑌 ∈ 𝑀+(𝐾) with

𝑌𝑒0 =
(1
𝑥

)
, we have 𝑌𝑒0 =𝑌𝑒𝑖 + (𝑌𝑒0 −𝑌𝑒𝑖) ∈ 𝐾̃ , so

(1
𝑥

)
∈ 𝐾̃ and hence 𝑥 ∈ 𝐾 . In particular, 𝑁+(𝐾) inherits

the bounds 0 ≤ 𝑥𝑖 ≤ 1 for 𝑖 ∈ 𝐼. The procedure can therefore be iterated. We define 𝑁0
+ (𝐾) := 𝐾 and

𝑁 𝑡
+(𝐾) := 𝑁+(𝑁 𝑡−1

+ (𝐾)) for 𝑡 ≥ 1.

When 𝐾 = {𝑥 ∈ R𝑛 : 0 ≤ 𝑥𝑖 ≤ 1, 𝑖 ∈ 𝐼, 𝑎ℓ𝑥 ≤ 𝑏ℓ , ℓ = 1, . . . , 𝑚} is a polyhedron, the constraint 𝑌𝑒𝑖 ∈ 𝐾̃ for

𝑖 ∈ 𝐼 is equivalent to the linearized inequalities 𝑏ℓ 𝑦0𝑖 −
∑

𝑘 𝑎
ℓ
𝑘
𝑦𝑘𝑖 ≥ 0 obtained from 𝑥𝑖 (𝑏ℓ − 𝑎ℓ𝑥) ≥ 0, and

𝑌𝑒0 −𝑌𝑒𝑖 ∈ 𝐾̃ corresponds to the linearization of (1− 𝑥𝑖) (𝑏ℓ − 𝑎ℓ𝑥) ≥ 0. These products are formed only for

the integer-restricted variables 𝑥𝑖, 𝑖 ∈ 𝐼, for which 𝑥𝑖 ≥ 0 and 1− 𝑥𝑖 ≥ 0 are valid.

3.3.1. The Lovász–Schrijver Strengthening as an L-Closure We first show that the strength-

ening obtained by enforcing 𝑦0𝑖 = 𝑦𝑖𝑖 in Step 2 of the Lovász–Schrijver procedure arises as intersection

cuts.

For a fixed 𝑖 ∈ 𝐼, define the set 𝐿𝑖 := {𝑌 ∈ R
(𝑛+1) (𝑛+2)

2 : 0 ≤ 𝑦0𝑖 − 𝑦𝑖𝑖 ≤ 1}. Notice that this set is a split, which

is closed, convex, and lattice-free.

LEMMA 2. For each 𝑖 ∈ 𝐼,

conv
(
𝑀̂ (𝐾) \ int(𝐿𝑖)

)
= 𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖}.

Proof. By the definition of 𝐿𝑖,

𝑀̂ (𝐾) \ int(𝐿𝑖) =
(
𝑀̂ (𝐾) ∩ {𝑦0𝑖 − 𝑦𝑖𝑖 ≤ 0}

)
∪
(
𝑀̂ (𝐾) ∩ {𝑦0𝑖 − 𝑦𝑖𝑖 ≥ 1}

)
. (2)

We claim that the McCormick-type inequalities

𝑦𝑖𝑖 ≤ 𝑦0𝑖 , 2𝑦0𝑖 − 1 ≤ 𝑦𝑖𝑖 (3)
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are valid for every 𝑌 ∈ 𝑀̂ (𝐾). Indeed, since 𝑌𝑒𝑖 ∈ 𝐾̃ , there exist 𝜆 ≥ 0 and 𝑥 ∈ 𝐾 with 𝑌𝑒𝑖 = 𝜆
(1
𝑥

)
. The 0-th

coordinate gives 𝜆 = 𝑦0𝑖, and the 𝑖-th coordinate gives 𝑦𝑖𝑖 = 𝜆𝑥𝑖 = 𝑦0𝑖 𝑥𝑖. Since 𝑖 ∈ 𝐼 and hence 0 ≤ 𝑥𝑖 ≤ 1, this

yields 0 ≤ 𝑦𝑖𝑖 ≤ 𝑦0𝑖. Similarly, 𝑌𝑒0 −𝑌𝑒𝑖 ∈ 𝐾̃ gives 𝑌𝑒0 −𝑌𝑒𝑖 = 𝜇
( 1
𝑥′
)

for some 𝜇 ≥ 0 and 𝑥′ ∈ 𝐾 . The 0-th

coordinate gives 𝜇 = 1− 𝑦0𝑖, and the 𝑖-th coordinate gives 𝑦0𝑖 − 𝑦𝑖𝑖 = (1− 𝑦0𝑖)𝑥′𝑖 ≤ 1− 𝑦0𝑖, which rearranges

to 2𝑦0𝑖 − 1 ≤ 𝑦𝑖𝑖.
We observe from the first relation in (3) that the first disjunction in (2) reduces to 𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖}. For

the second disjunction, combining 𝑦0𝑖 − 𝑦𝑖𝑖 ≥ 1 with 2𝑦0𝑖 − 1 ≤ 𝑦𝑖𝑖 in (3) yields 𝑦𝑖𝑖 ≤ −1, which contradicts

𝑦𝑖𝑖 ≥ 0. Hence the second disjunction is empty, and

𝑀̂ (𝐾) \ int(𝐿𝑖) = 𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖}.

Since both sets 𝑀̂ (𝐾) and {𝑦𝑖𝑖 = 𝑦0𝑖} are convex, so is their intersection. Taking the convex hull does not

enlarge the set:

conv
(
𝑀̂ (𝐾) \ int(𝐿𝑖)

)
= 𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖}.

□

Thus, the substitution 𝑦𝑖𝑖 = 𝑦0𝑖 is precisely the result of applying an intersection cut with respect to 𝐿𝑖.

Taking all 𝑖 ∈ 𝐼, let L := {𝐿𝑖 : 𝑖 ∈ 𝐼} be a family of such closed, convex, lattice-free sets.

LEMMA 3. 𝑅L (𝑀̂ (𝐾)) =𝑀 (𝐾).

Proof.

𝑅L (𝑀̂ (𝐾)) =
⋂
𝐿𝑖∈L

conv
(
𝑀̂ (𝐾) \ int(𝐿𝑖)

)
(4)

=
⋂
𝑖∈𝐼

(
𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖}

)
(5)

= 𝑀̂ (𝐾) ∩ {𝑦𝑖𝑖 = 𝑦0𝑖 , ∀𝑖 ∈ 𝐼} (6)

=: 𝑀 (𝐾), (7)

where the second equality follows from Lemma 2. □

We next show that the positive semidefinite strengthening in Step 3 of the Lovász-Schrijver procedure can

also be interpreted as intersection cuts.

Consider the cone of symmetric positive semidefinite matrices S𝑛+1
+ = {𝑌 ∈ R

(𝑛+1) (𝑛+2)
2 :𝑌 ⪰ 0}. It is well

known that S𝑛+1
+ is a closed convex cone and that all rank-one matrices lie on its boundary (see, for example,

Ben-Tal and Nemirovski (2001) [6], Section 4.1, or Boyd and Vandenberghe (2004) [8], Section 2.4.1,

Example 2.15).
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Let R := {𝑥𝑥⊤ : 𝑥 ∈ R𝑛+1 \ {0}} denote the set of rank-one symmetric (𝑛 + 1) × (𝑛 + 1) matrices. Note that
every rank-one matrix 𝑥𝑥⊤ is positive semidefinite, so R ⊆ S𝑛+1

+ . A convex set 𝐿 ⊆ R
(𝑛+1) (𝑛+2)

2 is said to be
R-free if int(𝐿) ∩R = ∅.

Let L′ be the family of all closed halfspaces 𝐿 ⊆ R
(𝑛+1) (𝑛+2)

2 whose interior is disjoint from S𝑛+1
+ :

L′ := {𝐿 ⊆ R
(𝑛+1) (𝑛+2)

2 : 𝐿 is a closed halfspace with int(𝐿) ∩S𝑛+1
+ = ∅}.

Each 𝐿 ∈ L′ is R-free since R ⊆ S𝑛+1
+ . Equivalently, every 𝐿 ∈ L′ has the form 𝐿 = {𝑍 : 𝛼⊤𝑍 ≥ 𝛽}, where

𝐻+
𝐿

:= {𝑍 : 𝛼⊤𝑍 ≤ 𝛽} is a closed halfspace containing S𝑛+1
+ . Since S𝑛+1

+ is a closed convex set, it equals the
intersection of all such supporting halfspaces:

S𝑛+1
+ =

⋂
𝐿∈L′

𝐻+
𝐿 .

LEMMA 4. For any convex set 𝐶 ⊆ R
(𝑛+1) (𝑛+2)

2 ,

𝑅L′ (𝐶) =𝐶 ∩S𝑛+1
+ .

In particular, 𝑅L′ (𝑀 (𝐾)) =𝑀+(𝐾).

Proof. For each 𝐿 ∈ L′, 𝐶 \ int(𝐿) =𝐶 ∩𝐻+
𝐿

is the intersection of two convex sets, and is hence convex.
Thus

conv(𝐶 \ int(𝐿)) =𝐶 ∩𝐻+
𝐿 .

Taking the intersection over all 𝐿 ∈ L′ and using (3.3.1),

𝑅L′ (𝐶) =
⋂
𝐿∈L′

(𝐶 ∩𝐻+
𝐿) =𝐶 ∩

⋂
𝐿∈L′

𝐻+
𝐿 =𝐶 ∩S𝑛+1

+ .

Setting 𝐶 =𝑀 (𝐾) and recalling 𝑀+(𝐾) =𝑀 (𝐾) ∩S𝑛+1
+ proves the second statement. □

Both families L and L′ live in the same lifted space R
(𝑛+1) (𝑛+2)

2 . Thus, we may define a unified family of
lattice-free convex sets L∗ = L ∪ L′, and the entire Lovász–Schrijver strengthening can be interpreted as
the L∗-closure of 𝑀̂ (𝐾).

COROLLARY 3. Let L∗ :=L ∪L′. Then

𝑀+(𝐾) = 𝑅L∗ (𝑀̂ (𝐾)).

Proof. Since 𝑅L∪L′ (𝑀̂ (𝐾)) = 𝑅L (𝑀̂ (𝐾)) ∩ 𝑅L′ (𝑀̂ (𝐾)), Lemma 3 gives 𝑅L (𝑀̂ (𝐾)) = 𝑀 (𝐾), and
Lemma 4 applied with 𝐶 = 𝑀̂ (𝐾) gives 𝑅L′ (𝑀̂ (𝐾)) = 𝑀̂ (𝐾) ∩S𝑛+1

+ . Hence

𝑅L∗ (𝑀̂ (𝐾)) =𝑀 (𝐾) ∩ 𝑀̂ (𝐾) ∩S𝑛+1
+ =𝑀 (𝐾) ∩S𝑛+1

+ =𝑀+(𝐾),

where the second equality uses 𝑀 (𝐾) ⊆ 𝑀̂ (𝐾). □

In this way, the Lovász–Schrijver procedure admits a natural geometric interpretation. It strengthens the
lifted relaxation 𝑀̂ (𝐾) through the successive application of intersection cuts derived from a family of
lattice-free convex sets that enforce both the diagonal equalities and the positive semidefinite constraint.
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3.3.2. The Hereditary Property The argument now proceeds in two steps. We first apply Theorem 1

in the lifted space, and then project to the original space. The key technical point is that the lift of a face of

𝐾 is itself a face of 𝑀̂ (𝐾).

COROLLARY 4 (Lovász–Schrijver procedure). Let 𝐾 ⊆ {𝑥 ∈ R𝑛 : 0 ≤ 𝑥𝑖 ≤ 1, 𝑖 ∈ 𝐼} be a convex set,

and let 𝐹 be a face of 𝐾 . Then

𝑁+(𝐹) = 𝑁+(𝐾) ∩ 𝐹.

Proof. We first verify that 𝑀̂ (𝐹) is a face of 𝑀̂ (𝐾). We begin by showing that the homogenization cone

𝐹̃ is a face of 𝐾̃ . Let 𝑢, 𝑣 ∈ 𝐾̃ and 𝜆 ∈ (0,1) with 𝜆𝑢 + (1− 𝜆)𝑣 ∈ 𝐹̃. Write 𝑢 = 𝛼
( 1
𝑥1
)

and 𝑣 = 𝛽
( 1
𝑥2
)

for some

𝛼, 𝛽 ≥ 0 and 𝑥1, 𝑥2 ∈ 𝐾 , and write 𝜆𝑢+ (1−𝜆)𝑣 = 𝜇
(1
𝑦

)
for some 𝜇 ≥ 0 and 𝑦 ∈ 𝐹. Comparing 0-th coordinates

gives 𝜇 = 𝜆𝛼 + (1−𝜆)𝛽. If 𝜇 = 0, then 𝛼 = 𝛽 = 0 and 𝑢 = 𝑣 = 0 ∈ 𝐹̃. If 𝜇 > 0, then 𝑦 = 𝜆𝛼
𝜇
𝑥1 + (1−𝜆)𝛽

𝜇
𝑥2 ∈ 𝐹 is

a convex combination of 𝑥1, 𝑥2 ∈ 𝐾 with positive coefficients, whenever 𝛼, 𝛽 > 0. By the definition of a face

of a convex set, 𝑥1, 𝑥2 ∈ 𝐹, so 𝑢, 𝑣 ∈ 𝐹̃. If, say, 𝛼 = 0, then 𝑢 = 0 ∈ 𝐹̃ trivially, and the same argument applied

to 𝑣 gives 𝑣 ∈ 𝐹̃. Hence 𝐹̃ is a face of 𝐾̃ .

Now suppose𝑌, 𝑍 ∈ 𝑀̂ (𝐾) and 𝜆 ∈ (0,1) are such that 𝜆𝑌 + (1−𝜆)𝑍 ∈ 𝑀̂ (𝐹). For each 𝑖 ∈ 𝐼,𝑌𝑒𝑖 , 𝑍𝑒𝑖 ∈ 𝐾̃
and 𝜆(𝑌𝑒𝑖) + (1−𝜆) (𝑍𝑒𝑖) ∈ 𝐹̃, so the definition of a face gives 𝑌𝑒𝑖 , 𝑍𝑒𝑖 ∈ 𝐹̃. The same argument applied to

𝑌𝑒0 −𝑌𝑒𝑖 and 𝑍𝑒0 − 𝑍𝑒𝑖 shows 𝑌𝑒0 −𝑌𝑒𝑖 , 𝑍𝑒0 − 𝑍𝑒𝑖 ∈ 𝐹̃. Since the memberships (1) defining 𝑀̂ involve

only the indices 𝑖 ∈ 𝐼, it follows that 𝑌, 𝑍 ∈ 𝑀̂ (𝐹), and 𝑀̂ (𝐹) is a face of 𝑀̂ (𝐾).
Let L∗ =L∪L′ as defined in Section 3.3.1, where L encodes the diagonal equalities and L′ encodes the

positive semidefiniteness of 𝑌 . Both L and L′ depend only on the ambient lifted dimension and not on 𝐾

or 𝐹. Applying Theorem 1 to the face 𝑀̂ (𝐹) of 𝑀̂ (𝐾) gives

𝑀+(𝐹) = 𝑅L∗ (𝑀̂ (𝐹)) = 𝑅L∗ (𝑀̂ (𝐾)) ∩ 𝑀̂ (𝐹) =𝑀+(𝐾) ∩ 𝑀̂ (𝐹). (8)

Above, the first and last equations follow from Corollary 3 and the second equation from Theorem 1.

It remains to project (8) onto the 𝑥-space. For the inclusion 𝑁+(𝐹) ⊆ 𝑁+(𝐾) ∩ 𝐹, any 𝑌 ∈ 𝑀+(𝐹) with

𝑌𝑒0 =
(1
𝑥

)
lies in 𝑀+(𝐾) (so 𝑥 ∈ 𝑁+(𝐾)) and in 𝑀̂ (𝐹). Fixing 𝑖 ∈ 𝐼, 𝑌𝑒0 =𝑌𝑒𝑖 + (𝑌𝑒0 −𝑌𝑒𝑖) ∈ 𝐹̃ since 𝐹̃ is a

convex cone, which forces 𝑥 ∈ 𝐹.

For the reverse inclusion, let 𝑥 ∈ 𝑁+(𝐾) ∩𝐹 and pick 𝑌 ∈ 𝑀+(𝐾) with 𝑌𝑒0 =
(1
𝑥

)
. We show 𝑌 ∈ 𝑀̂ (𝐹). Fix

𝑖 ∈ 𝐼 and write 𝑌𝑒𝑖 = 𝛼
(1
𝑢

)
and 𝑌𝑒0 −𝑌𝑒𝑖 = 𝛽

(1
𝑣

)
with 𝛼, 𝛽 ≥ 0 and 𝑢, 𝑣 ∈ 𝐾 when the corresponding scalar is

positive. Adding the two equations, we get
( 𝛼+𝛽
𝛼𝑢+𝛽𝑣

)
=𝑌𝑒0 =

(1
𝑥

)
. The 0-th coordinates give 𝛼 + 𝛽 = 1 and the

remaining coordinates give 𝛼𝑢+ 𝛽𝑣 = 𝑥. If 𝛼, 𝛽 > 0, then 𝑥 is a strict convex combination of 𝑢, 𝑣 ∈ 𝐾 , so by the

definition of a face 𝑢, 𝑣 ∈ 𝐹, and hence𝑌𝑒𝑖 ,𝑌𝑒0 −𝑌𝑒𝑖 ∈ 𝐹̃. If 𝛼 = 0, then𝑌𝑒𝑖 = 0 ∈ 𝐹̃ and𝑌𝑒0 −𝑌𝑒𝑖 =
(1
𝑥

)
∈ 𝐹̃.

The case 𝛽 = 0 is symmetric. Since the memberships (1) defining 𝑀̂ (𝐹) involve only the indices 𝑖 ∈ 𝐼, it

follows that 𝑌 ∈ 𝑀̂ (𝐹).
It follows that 𝑌 ∈ 𝑀+(𝐹) by (8) and 𝑥 ∈ 𝑁+(𝐹). □
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By induction, applying the Corollary 4 to the iterated convex sets 𝑁 𝑡
+(𝐾) yields the hereditary property

for every level of the Lovász–Schrijver hierarchy, i.e., 𝑁 𝑡
+(𝐹) = 𝑁 𝑡

+(𝐾) ∩𝐹 for all 𝑡 ≥ 1. The iteration is well

defined since 𝑁+(𝐾) ⊆ 𝐾 preserves the bounds 0 ≤ 𝑥𝑖 ≤ 1 for 𝑖 ∈ 𝐼.

3.4. The Sherali–Adams Hierarchy We now consider the hierarchy of Sherali and Adams (1990)

[33].

We work with a rational polyhedron 𝑃 ⊆ R𝑛 described by inequalities 𝑏ℓ − 𝑎ℓ𝑥 ≥ 0 for ℓ = 1, . . . , 𝑚,

with integer index set 𝐼 and continuous index set 𝐶 := {1, . . . , 𝑛} \ 𝐼. We assume that 𝑃 includes the bound

constraints 0 ≤ 𝑥𝑖 ≤ 1 for every 𝑖 ∈ 𝐼, so that the integer-restricted variables are binary, and we write

𝑆 := 𝑃∩ ({0,1} |𝐼 | ×R |𝐶 |).
As with the Lovász–Schrijver procedure, the Sherali–Adams hierarchy operates in a lifted space, and the

strengthening step can be expressed as an intersection-cut closure with a family that does not depend on the

underlying polyhedron. Throughout, we adopt the equivalent reformulation of the level-𝑡 Sherali–Adams

hierarchy given by Bodur et al. (2017) [7], which is formulated directly in the mixed 0-1 setting.

Fix an integer 𝑡 with 1 ≤ 𝑡 ≤ |𝐼 |. A pair of order 𝑟 is a pair of disjoint subsets 𝐼1, 𝐼2 ⊆ 𝐼 with |𝐼1 | + |𝐼2 | = 𝑟.
For each pair (𝐼1, 𝐼2) of order 𝑟 ≤ 𝑡, define

F𝑟 (𝐼1, 𝐼2) :=
∏
𝑖∈𝐼1

𝑥𝑖

∏
𝑗∈𝐼2

(1− 𝑥 𝑗), F0(∅, ∅) := 1.

The level-𝑡 Sherali–Adams procedure proceeds as follows:

1. For each pair (𝐼1, 𝐼2) of order 𝑡 and each ℓ ∈ {1, . . . , 𝑚}, form the polynomial inequality

F𝑡 (𝐼1, 𝐼2) (𝑏ℓ − 𝑎ℓ𝑥) ≥ 0. (9)

The multiplier F𝑡 (𝐼1, 𝐼2) ranges only over indices in 𝐼, since only these admit the bounds 0 ≤ 𝑥𝑖 ≤ 1

needed for F𝑡 (𝐼1, 𝐼2) ≥ 0 to be valid.

2. Let M𝑡 denote the collection of ordered tuples S of indices from {1, . . . , 𝑛} satisfying (i) |S| ≤ 𝑡 + 1,

(ii) the entries are in nondecreasing order of indices, (iii) at most one index lies outside 𝐼, and (iv) at

most one index from 𝐼 is repeated. The last two conditions reflect that a monomial
∏ |S |

𝑟=1 𝑥S𝑟
arising from

expanding (9) carries at most one continuous factor (from 𝑏ℓ −𝑎ℓ𝑥), and only the binary factors 𝑥2
𝑖
= 𝑥𝑖,

𝑖 ∈ 𝐼, can produce repetitions. Each inequality (9) can be written as 𝛽−∑
S∈Ω(𝐼1,𝐼2,ℓ ) 𝛼S

∏ |S |
𝑟=1 𝑥S𝑟

≥ 0

for some scalars 𝛽, 𝛼S ∈ R and Ω(𝐼1, 𝐼2, ℓ) ⊆M𝑡 . Substituting 𝑦S for the monomial
∏ |S |

𝑟=1 𝑥S𝑟
yields

𝛽−
∑︁

S∈Ω(𝐼1,𝐼2,ℓ )
𝛼S𝑦S ≥ 0. (10)

Denote by 𝑆𝐴𝑡 (𝑃) ⊆ R |M𝑡 | the polyhedron defined by all inequalities (10) taken over pairs (𝐼1, 𝐼2) of

order 𝑡 and ℓ ∈ {1, . . . , 𝑚}, identifying the original variables 𝑥1, . . . , 𝑥𝑛 with 𝑦 (1) , . . . , 𝑦 (𝑛) .
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3. For S ∈M𝑡 , let [S] denote the tuple obtained by deleting the repeated index (if any) while preserving

order. For example, if S1 = (1,1,2) and S2 = (1,2,3), then [S1] = (1,2) and [S2] = (1,2,3). Impose

the equalities 𝑦S = 𝑦 [S] for all S ∈M𝑡 , which are valid for {0,1} |𝐼 | ×R |𝐶 | since 𝑥2
𝑖
= 𝑥𝑖 for 𝑖 ∈ 𝐼 and

no repetitions occur outside 𝐼. Denote the resulting polyhedron by 𝑆𝐴𝑡 (𝑃).
4. Project 𝑆𝐴𝑡 (𝑃) onto R𝑛:

𝑆𝐴𝑡 (𝑃) := {𝑥 ∈ R𝑛 : ∃ 𝑦 ∈ 𝑆𝐴𝑡 (𝑃) with 𝑥 𝑗 = 𝑦 ( 𝑗 ) , 𝑗 = 1, . . . , 𝑛}.

A useful structural consequence of the Sherali–Adams construction is the following.

LEMMA 5 (Sherali and Adams (1990) [33], Lemma 1). Let 0 ≤ 𝑟 ≤ 𝑡. For every pair (𝐼1, 𝐼2) of order

𝑟, the polynomial F𝑟 (𝐼1, 𝐼2) is a nonnegative combination of order-𝑡 polynomials F𝑡 (𝐼 ′1, 𝐼
′
2).

Consequently, any polynomial inequality of the form F𝑟 (𝐼1, 𝐼2) (𝑏ℓ − 𝑎ℓ𝑥) ≥ 0 has a linearization valid for

𝑆𝐴𝑡 (𝑃).

3.4.1. The Sherali–Adams Hierarchy as an L-Closure We show that the strengthening equal-

ities 𝑦S = 𝑦 [S] arise as intersection cuts in the lifted space, with respect to a family of full-dimensional

lattice-free sets. The key ingredient is the following lemma, which records four valid inequalities established

by Bodur et al. (2017) [7]. We refer the reader to that proof for the derivations from the underlying polynomial

liftings.

LEMMA 6 (from the proof of Bodur et al. (2017) [7], Lemma 3.9). Let S ∈ M𝑡 have a repeated

index 𝑖 ∈ 𝐼. The following inequalities are valid for 𝑆𝐴𝑡 (𝑃):

0 ≤ 𝑦S ≤ 𝑦 [S] ≤ 𝑦 (𝑖) , 1− 𝑦 (𝑖) − 𝑦 [S] + 𝑦S ≥ 0.

For each S ∈M𝑡 with a repeated index, define the closed convex set

𝐿S := {𝑦 ∈ R |M𝑡 | : 0 ≤ 𝑦 [S] − 𝑦S ≤ 1}.

The set 𝐿S is lattice-free in the mixed 0-1 sense. For every 𝑥 ∈ {0,1} |𝐼 | ×R |𝐶 | , the lift 𝑦̄ ∈ R |M𝑡 | satisfies

𝑦̄S = 𝑦̄ [S] , since 𝑥2
𝑖
= 𝑥𝑖 for 𝑖 ∈ 𝐼 and only such indices repeat in S. Hence 𝑦̄ [S] − 𝑦̄S = 0 ∉ (0,1), so the lift

never lies in int(𝐿S).

LEMMA 7. For any S ∈M𝑡 with a repeated index,

conv
(
𝑆𝐴𝑡 (𝑃) \ int(𝐿S)

)
= 𝑆𝐴𝑡 (𝑃) ∩ {𝑦S = 𝑦 [S]}.

Proof. Let 𝑖 ∈ 𝐼 be the repeated index of S. By definition of 𝐿S ,

𝑆𝐴𝑡 (𝑃) \ int(𝐿S) =
(
𝑆𝐴𝑡 (𝑃) ∩ {𝑦 [S] − 𝑦S ≤ 0}

)
∪
(
𝑆𝐴𝑡 (𝑃) ∩ {𝑦 [S] − 𝑦S ≥ 1}

)
.
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By Lemma 6, 𝑦S ≤ 𝑦 [S] is valid for 𝑆𝐴𝑡 (𝑃), so the first set reduces to 𝑆𝐴𝑡 (𝑃) ∩ {𝑦S = 𝑦 [S]}. For the second

set, combining 𝑦 [S] − 𝑦S ≥ 1 with 1 − 𝑦 (𝑖) − 𝑦 [S] + 𝑦S ≥ 0 from Lemma 6 yields 𝑦 (𝑖) ≤ 0, and the chain

0 ≤ 𝑦S ≤ 𝑦 [S] ≤ 𝑦 (𝑖) ≤ 0 forces 𝑦 [S] − 𝑦S = 0, contradicting 𝑦 [S] − 𝑦S ≥ 1. The second set is therefore

empty, and since 𝑆𝐴𝑡 (𝑃) ∩ {𝑦S = 𝑦 [S]} is convex, taking the convex hull leaves it unchanged. □

Let LSA := {𝐿S : S ∈M𝑡 , S has a repeated index}. The lifted Sherali–Adams polyhedron is recovered as

the LSA-closure of 𝑆𝐴𝑡 (𝑃).

LEMMA 8. 𝑅LSA (𝑆𝐴𝑡 (𝑃)) = 𝑆𝐴𝑡 (𝑃).

Proof. By Lemma 7, intersecting 𝑆𝐴𝑡 (𝑃) with the 𝐿S-reductions over all S ∈M𝑡 with a repeated index

imposes exactly the equalities 𝑦S = 𝑦 [S] . For S without a repeated index, [S] =S and the equality is trivial.

Hence 𝑅LSA (𝑆𝐴𝑡 (𝑃)) = 𝑆𝐴𝑡 (𝑃) ∩ {𝑦S = 𝑦 [S] for all S ∈M𝑡 } = 𝑆𝐴𝑡 (𝑃). □

3.4.2. The Hereditary Property As with the Lovász–Schrijver procedure, the hereditary property

follows by applying Theorem 1 in the lifted space and then projecting.

COROLLARY 5 (Sherali–Adams hierarchy). Let 𝑃 ⊆ R𝑛 be a rational polyhedron with 0 ≤ 𝑥𝑖 ≤ 1

valid for all 𝑖 ∈ 𝐼, let 𝐹 be a face of 𝑃, and fix 1 ≤ 𝑡 ≤ |𝐼 |. Then

𝑆𝐴𝑡 (𝐹) = 𝑆𝐴𝑡 (𝑃) ∩ 𝐹.

Proof. Write 𝐹 = 𝑃 ∩ {𝑥 : 𝑐𝑥 = 𝛿}, where 𝑐𝑥 ≤ 𝛿 is valid for 𝑃, so 𝐹 is described by the inequalities

defining 𝑃 together with 𝑐𝑥 ≤ 𝛿 and −𝑐𝑥 ≤ −𝛿. For each pair (𝐼1, 𝐼2) of order 𝑟 ≤ 𝑡 (with 𝐼1, 𝐼2 ⊆ 𝐼),

multiplying these last two inequalities by F𝑟 (𝐼1, 𝐼2) yields the polynomial inequalities (𝛿 − 𝑐𝑥)F𝑟 (𝐼1, 𝐼2) ≥
0 and (𝑐𝑥 − 𝛿)F𝑟 (𝐼1, 𝐼2) ≥ 0. Each monomial appearing after expansion lies in M𝑡 . Indeed, F𝑟 (𝐼1, 𝐼2)
contributes 𝑟 distinct indices from 𝐼 (since 𝐼1, 𝐼2 ⊆ 𝐼 are disjoint), and the factor 𝑐𝑥 − 𝛿 contributes at most

one index from {1, . . . , 𝑛} on top. The resulting tuple has length at most 𝑟 + 1 ≤ 𝑡 + 1, with at most one

index outside 𝐼 and at most one repeated index in 𝐼, fulfilling the conditions on M𝑡 . Let G𝐼1,𝐼2 (𝑦) denote the

linearization of (𝛿− 𝑐𝑥)F𝑟 (𝐼1, 𝐼2). In particular, G∅,∅ (𝑦) = 𝛿−
∑

𝑖 𝑐𝑖𝑦 (𝑖) . Since 𝑐𝑥 ≤ 𝛿 is valid for 𝑃, Farkas’

lemma expresses 𝛿 − 𝑐𝑥 as a nonnegative combination of the 𝑏ℓ − 𝑎ℓ𝑥, and Lemma 5 reduces the resulting

products to products of order 𝑡. The linearizations of (𝛿 − 𝑐𝑥)F𝑟 (𝐼1, 𝐼2) ≥ 0 for all pairs of order 𝑟 ≤ 𝑡 are

therefore valid for 𝑆𝐴𝑡 (𝑃). Adding the reverse inequalities −G𝐼1,𝐼2 (𝑦) ≥ 0 for pairs of order exactly 𝑡 defines

𝑆𝐴𝑡 (𝐹). The same reverse inequalities for pairs of order 𝑟 < 𝑡 follow from those for order 𝑡. By Lemma 5,

F𝑟 (𝐼1, 𝐼2) (𝑐𝑥− 𝛿) ≥ 0 is a nonnegative combination of the inequalities F𝑡 (𝐼 ′1, 𝐼
′
2) (𝑐𝑥− 𝛿) ≥ 0, and linearizing

preserves this combination. Hence

𝑆𝐴𝑡 (𝐹) = 𝑆𝐴𝑡 (𝑃) ∩
{
𝑦 : G𝐼1,𝐼2 (𝑦) = 0 for all pairs (𝐼1, 𝐼2) of order ≤ 𝑡

}
, (11)

which exhibits 𝑆𝐴𝑡 (𝐹) as a face of 𝑆𝐴𝑡 (𝑃).
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The family LSA from Section 3.4.1 depends only on M𝑡 , not on 𝑃. Theorem 1 applied in the lifted space,

together with Lemma 8, yields

𝑆𝐴𝑡 (𝐹) = 𝑅LSA (𝑆𝐴𝑡 (𝐹)) = 𝑅LSA (𝑆𝐴𝑡 (𝑃)) ∩ 𝑆𝐴𝑡 (𝐹) = 𝑆𝐴𝑡 (𝑃) ∩ 𝑆𝐴𝑡 (𝐹). (12)

It remains to project (12) onto the 𝑥-space, where the projection sends 𝑦̄ to ( 𝑦̄ (1) , . . . , 𝑦̄ (𝑛) ).
For 𝑆𝐴𝑡 (𝐹) ⊆ 𝑆𝐴𝑡 (𝑃) ∩ 𝐹, any 𝑦̄ ∈ 𝑆𝐴𝑡 (𝐹) lies in 𝑆𝐴𝑡 (𝑃) (so its projection 𝑥 ∈ 𝑆𝐴𝑡 (𝑃)) and in 𝑆𝐴𝑡 (𝐹),

which by (11) gives G∅,∅ ( 𝑦̄) = 𝛿 − 𝑐𝑥 = 0, so 𝑥 ∈ 𝐹.

For the reverse, let 𝑥 ∈ 𝑆𝐴𝑡 (𝑃) ∩ 𝐹 and pick 𝑦̄ ∈ 𝑆𝐴𝑡 (𝑃) projecting to 𝑥. By (11) and (12), it suffices

to show G𝐼1,𝐼2 ( 𝑦̄) = 0 for every pair (𝐼1, 𝐼2) of order 𝑟 ≤ 𝑡. Set 𝑇 := 𝐼1 ∪ 𝐼2 ⊆ 𝐼. The polynomial identity∑
𝐼 ′1⊆𝑇 F𝑟 (𝐼 ′1,𝑇 \ 𝐼 ′1) =

∏
𝑖∈𝑇 (𝑥𝑖 + (1− 𝑥𝑖)) = 1, multiplied by 𝛿 − 𝑐𝑥 and linearized, gives∑︁

𝐼 ′1⊆𝑇
G𝐼 ′1,𝑇\𝐼

′
1
( 𝑦̄) = 𝛿 − 𝑐𝑥 = 0,

using 𝑥 ∈ 𝐹. Each term is nonnegative since 𝑦̄ ∈ 𝑆𝐴𝑡 (𝑃) and (𝐼 ′1,𝑇 \ 𝐼 ′1) is a pair with 𝐼 ′1,𝑇 \ 𝐼 ′1 ⊆ 𝑇 ⊆ 𝐼 of

order 𝑟 ≤ 𝑡, hence G𝐼1,𝐼2 ( 𝑦̄) = 0. □

3.5. The Lasserre Hierarchy We now turn to the hierarchy of Lasserre (2001) [26], following the

presentation of Laurent (2003) [27]. We work with a polyhedron 𝑃 ⊆ [0,1]𝑛 described by linear inequalities

in the pure binary setting, and show that the Lasserre relaxation can be expressed as an L-closure. Unlike the

preceding procedures, the family L is built from the inequalities describing 𝑃. The key step in establishing

the hereditary property is therefore to show that this same family also realizes the Lasserre relaxation of

each face of 𝑃 (Lemma 10), after which Theorem 1 applies.

Let 𝑉 := {1, . . . , 𝑛} and let P𝑡 (𝑉) denote the family of subsets of 𝑉 of cardinality at most 𝑡. Consider a

polyhedron

𝑃 := {𝑥 ∈ [0,1]𝑛 : 𝑔ℓ (𝑥) ≥ 0, ℓ = 1, . . . , 𝑚},

where each 𝑔ℓ (𝑥) = 𝑏ℓ − 𝑎ℓ𝑥 is a linear function. We write 𝑆 := 𝑃∩ {0,1}𝑛.

Given a vector 𝑦 ∈ RP(𝑉 ) with components 𝑦𝐽 for 𝐽 ⊆ 𝑉 , define the moment matrix𝑀𝑡 (𝑦) as the symmetric

matrix indexed by P𝑡 (𝑉) with entry

𝑀𝑡 (𝑦)𝐽,𝐽 ′ := 𝑦𝐽∪𝐽 ′ , 𝐽, 𝐽′ ∈ P𝑡 (𝑉).

For any 𝑥 ∈ {0,1}𝑛, the vector 𝑦̄ ∈ RP(𝑉 ) with 𝑦̄𝐽 :=
∏

𝑖∈𝐽 𝑥𝑖 satisfies 𝑀𝑡 ( 𝑦̄)𝐽,𝐽 ′ = 𝑦̄𝐽 · 𝑦̄𝐽 ′ (using 𝑥2
𝑖
= 𝑥𝑖),

so 𝑀𝑡 ( 𝑦̄) ⪰ 0. For each constraint 𝑔ℓ (𝑥) = 𝑏ℓ − 𝑎ℓ𝑥 and a vector 𝑦 ∈ RP(𝑉 ) , define the shifted vector

𝑔ℓ ∗ 𝑦 ∈ RP(𝑉 ) by

(𝑔ℓ ∗ 𝑦)𝐽 := 𝑏ℓ 𝑦𝐽 −
𝑛∑︁
𝑖=1

𝑎ℓ𝑖 𝑦𝐽∪{𝑖} , 𝐽 ⊆ 𝑉. (13)
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For 𝑥 ∈ 𝑃∩ {0,1}𝑛, one has 𝑀𝑡 (𝑔ℓ ∗ 𝑦̄) = 𝑔ℓ (𝑥)𝑀𝑡 ( 𝑦̄) ⪰ 0.

Fix an integer 𝑡 with 1 ≤ 𝑡 ≤ 𝑛. The level-𝑡 Lasserre relaxation is defined by

𝐿𝑎𝑡 (𝑃) := {𝑦 ∈ RP2(𝑡+1) (𝑉 ) : 𝑦∅ = 1, 𝑀𝑡+1(𝑦) ⪰ 0, 𝑀𝑡 (𝑔ℓ ∗ 𝑦) ⪰ 0 for ℓ = 1, . . . , 𝑚}, (14)

and its projection onto R𝑛 is

𝐿𝑎𝑡 (𝑃) := {𝑥 ∈ R𝑛 : 𝑥𝑖 = 𝑦{𝑖} , 𝑖 ∈𝑉, for some 𝑦 ∈ 𝐿𝑎𝑡 (𝑃)}.

We have 𝑃 ⊇ 𝐿𝑎1(𝑃) ⊇ 𝐿𝑎2(𝑃) ⊇ · · · ⊇ 𝐿𝑎𝑛 (𝑃) = conv(𝑆) (Lasserre (2001) [26], Laurent (2003) [27]).

Throughout this section, we assume that 𝑔1, . . . , 𝑔𝑚 includes the 2𝑛 bound constraints 𝑥𝑖 ≥ 0 and 1− 𝑥𝑖 ≥
0 for 𝑖 ∈ 𝑉 . This assumption is without loss of generality because the conditions 𝑀𝑡 (𝑥𝑖 ∗ 𝑦) ⪰ 0 and

𝑀𝑡 ((1− 𝑥𝑖) ∗ 𝑦) ⪰ 0 are implied by 𝑀𝑡+1(𝑦) ⪰ 0 (Laurent (2003) [27], Lemma 5).

3.5.1. The Lasserre Hierarchy as an L-Closure As with the Lovász–Schrijver procedure, each

positive semidefinite constraint in (14) can be imposed via intersection cuts. For each ℓ ∈ {1, . . . , 𝑚} and

each pair of disjoint subsets 𝐽1, 𝐽2 ⊆ 𝑉 with |𝐽1 | + |𝐽2 | ≤ 𝑡, the product 𝑔ℓ (𝑥) ·
∏

𝑖∈𝐽1 𝑥𝑖 ·
∏

𝑗∈𝐽2 (1− 𝑥 𝑗) ≥ 0 is

valid for 𝑆. After linearization by replacing
∏

𝑖∈𝐽 𝑥𝑖 by 𝑦𝐽 and using 𝑥2
𝑖
= 𝑥𝑖, these products, together with the

linearizations of
∏

𝑖∈𝐽1 𝑥𝑖 ·
∏

𝑗∈𝐽2 (1− 𝑥 𝑗) ≥ 0 for |𝐽1 | + |𝐽2 | ≤ 𝑡 +1, define a polyhedron 𝐿𝑎𝑡 (𝑃) ⊆ RP2(𝑡+1) (𝑉 )

with 𝑦∅ = 1. Define the closed convex sets

𝑇 𝑡
mom := {𝑦 ∈ RP2(𝑡+1) (𝑉 ) : 𝑀𝑡+1(𝑦) ⪰ 0}, 𝑇 𝑡

ℓ := {𝑦 ∈ RP2(𝑡+1) (𝑉 ) : 𝑀𝑡 (𝑔ℓ ∗ 𝑦) ⪰ 0}.

LEMMA 9. For each closed convex set 𝑇 ∈ {𝑇 𝑡
mom,𝑇

𝑡
1 , . . . ,𝑇

𝑡
𝑚}, there exists a family L𝑇 of closed

halfspaces in RP2(𝑡+1) (𝑉 ) such that 𝑅L𝑇
(𝐶) =𝐶 ∩𝑇 for every convex set 𝐶 ⊆ RP2(𝑡+1) (𝑉 ) .

Proof. The argument is identical to that used in the proof of Lemma 4. 𝑇 is closed and convex, and

taking L𝑇 to be all closed halfspaces whose interior is disjoint from 𝑇 gives 𝑅L𝑇
(𝐶) =𝐶 ∩𝑇 . □

Let L∗
Las :=L𝑇 𝑡

mom
∪L𝑇 𝑡

1
∪ · · · ∪ L𝑇 𝑡

𝑚
. Then

𝑅L∗
Las
(𝐿𝑎𝑡 (𝑃)) = 𝐿𝑎𝑡 (𝑃) ∩𝑇 𝑡

mom ∩𝑇 𝑡
1 ∩ · · · ∩𝑇 𝑡

𝑚 = 𝐿𝑎𝑡 (𝑃).

3.5.2. The Hereditary Property Consider a face 𝐹 of 𝑃 exposed by the valid inequality 𝑐𝑥 ≤ 𝛿.

The Lasserre relaxation 𝐿𝑎𝑡 (𝐹) is defined using the constraints 𝑔1, . . . , 𝑔𝑚 together with the additional

equality 𝛿 − 𝑐𝑥 = 0, and therefore requires 𝑀𝑡 ((𝛿 − 𝑐𝑥) ∗ 𝑦) = 0 (since both 𝑀𝑡 ((𝛿 − 𝑐𝑥) ∗ 𝑦) ⪰ 0 and

𝑀𝑡 ((𝑐𝑥− 𝛿) ∗ 𝑦) ⪰ 0 must hold). This constraint is not present in 𝐿𝑎𝑡 (𝑃). Nevertheless, the following lemma

shows that it is automatically satisfied on the face. Since 𝛿− 𝑐𝑥 ≥ 0 is valid for 𝑃, the semidefinite constraints

in 𝐿𝑎𝑡 (𝑃) already imply 𝑀𝑡 ((𝛿 − 𝑐𝑥) ∗ 𝑦) ⪰ 0, and the binding equalities on the face force its diagonal to

zero, which forces the entire matrix to vanish.
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LEMMA 10. Let 𝑔(𝑥) = 𝛿 − 𝑐𝑥 be a linear function with 𝑔(𝑥) ≥ 0 valid for 𝑃. If 𝑦 ∈ 𝐿𝑎𝑡 (𝑃) satisfies

(𝑔 ∗ 𝑦)𝐽 = 0 for all 𝐽 ∈ P𝑡 (𝑉), then 𝑀𝑡 (𝑔 ∗ 𝑦) = 0.

Proof. Since 𝑔(𝑥) ≥ 0 is valid for 𝑃 = {𝑥 ∈ R𝑛 : 𝑔ℓ (𝑥) ≥ 0, ℓ = 1, . . . , 𝑚}, Farkas’ lemma gives nonnega-

tive scalars 𝑢0, 𝑢1, . . . , 𝑢𝑚 such that

𝑔(𝑥) = 𝑢0 +
𝑚∑︁
ℓ=1

𝑢ℓ 𝑔ℓ (𝑥). (15)

The vector 𝑔 ∗ 𝑦 depends linearly on the coefficients of 𝑔 by (13), and the constant function 1 satisfies

1 ∗ 𝑦 = 𝑦. Hence (15) yields

𝑀𝑡 (𝑔 ∗ 𝑦) = 𝑢0 𝑀𝑡 (𝑦) +
𝑚∑︁
ℓ=1

𝑢ℓ 𝑀𝑡 (𝑔ℓ ∗ 𝑦). (16)

From 𝑦 ∈ 𝐿𝑎𝑡 (𝑃) we have 𝑀𝑡 (𝑔ℓ ∗ 𝑦) ⪰ 0 for ℓ = 1, . . . , 𝑚, and 𝑀𝑡 (𝑦) ⪰ 0 as a principal submatrix of

𝑀𝑡+1(𝑦) ⪰ 0. Since all coefficients in (16) are nonnegative, 𝑀𝑡 (𝑔 ∗ 𝑦) ⪰ 0. The diagonal entries of 𝑀𝑡 (𝑔 ∗ 𝑦)
are (𝑔 ∗ 𝑦)𝐽 for 𝐽 ∈ P𝑡 (𝑉), which are 0 by the hypothesis, and a positive semidefinite matrix with zero

diagonal is the zero matrix. Hence 𝑀𝑡 (𝑔 ∗ 𝑦) = 0. □

COROLLARY 6 (Lasserre hierarchy). Let 𝑃 ⊆ [0,1]𝑛 be a polyhedron defined by linear inequalities

𝑔ℓ (𝑥) = 𝑏ℓ − 𝑎ℓ𝑥 ≥ 0 for ℓ = 1, . . . , 𝑚, and let 𝐹 be a face of 𝑃. Fix 1 ≤ 𝑡 ≤ 𝑛. Then

𝐿𝑎𝑡 (𝐹) = 𝐿𝑎𝑡 (𝑃) ∩ 𝐹.

Proof. Write 𝐹 = 𝑃∩ {𝑥 : 𝑐𝑥 = 𝛿}, where 𝑐𝑥 ≤ 𝛿 is valid for 𝑃, and set 𝑔𝑚+1(𝑥) := 𝛿 − 𝑐𝑥. Then

𝐿𝑎𝑡 (𝐹) = 𝐿𝑎𝑡 (𝑃) ∩ {𝑦 : 𝑀𝑡 (𝑔𝑚+1 ∗ 𝑦) = 0}, (17)

since imposing both 𝑀𝑡 (𝑔𝑚+1 ∗ 𝑦) ⪰ 0 and 𝑀𝑡 ((−𝑔𝑚+1) ∗ 𝑦) ⪰ 0 is equivalent to 𝑀𝑡 (𝑔𝑚+1 ∗ 𝑦) = 0.

As in Corollary 5, the linearized products of 𝑔𝑚+1(𝑥) ≥ 0 and −𝑔𝑚+1(𝑥) ≥ 0 with bound-factor products

of order at most 𝑡 give

𝐿𝑎𝑡 (𝐹) = 𝐿𝑎𝑡 (𝑃) ∩ {𝑦 : G𝐽1,𝐽2 (𝑦) = 0 for all pairs (𝐽1, 𝐽2) of order ≤ 𝑡}, (18)

where G𝐽1,𝐽2 (𝑦) denotes the linearization of (𝛿− 𝑐𝑥)∏𝑖∈𝐽1 𝑥𝑖
∏

𝑗∈𝐽2 (1− 𝑥 𝑗). This exhibits 𝐿𝑎𝑡 (𝐹) as a face

of 𝐿𝑎𝑡 (𝑃).
Applying Theorem 1 with the family L∗

Las and the face 𝐿𝑎𝑡 (𝐹) of 𝐿𝑎𝑡 (𝑃) gives

𝑅L∗
Las
(𝐿𝑎𝑡 (𝐹)) = 𝑅L∗

Las
(𝐿𝑎𝑡 (𝑃)) ∩ 𝐿𝑎𝑡 (𝐹) = 𝐿𝑎𝑡 (𝑃) ∩ 𝐿𝑎𝑡 (𝐹). (19)

We claim that 𝐿𝑎𝑡 (𝑃) ∩ 𝐿𝑎𝑡 (𝐹) = 𝐿𝑎𝑡 (𝐹). The inclusion 𝐿𝑎𝑡 (𝐹) ⊆ 𝐿𝑎𝑡 (𝑃) ∩ 𝐿𝑎𝑡 (𝐹) is immediate. For the

reverse, let 𝑦 ∈ 𝐿𝑎𝑡 (𝑃) ∩ 𝐿𝑎𝑡 (𝐹). The binding equalities G𝐽1,∅ (𝑦) = 0 for |𝐽1 | ≤ 𝑡 give (𝑔𝑚+1 ∗ 𝑦)𝐽 = 0 for all

𝐽 ∈ P𝑡 (𝑉). Lemma 10 then gives 𝑀𝑡 (𝑔𝑚+1 ∗ 𝑦) = 0, so 𝑦 ∈ 𝐿𝑎𝑡 (𝐹) by (17).
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Projection to the 𝑥-space mirrors Corollary 5. For 𝐿𝑎𝑡 (𝐹) ⊆ 𝐿𝑎𝑡 (𝑃) ∩ 𝐹, any 𝑦̄ ∈ 𝐿𝑎𝑡 (𝐹) lies in 𝐿𝑎𝑡 (𝑃)
(so 𝑥 ∈ 𝐿𝑎𝑡 (𝑃)) and in 𝐿𝑎𝑡 (𝐹), which by (18) gives 𝛿− 𝑐𝑥 = 0, so 𝑥 ∈ 𝐹. For the reverse, let 𝑥 ∈ 𝐿𝑎𝑡 (𝑃) ∩ 𝐹
with 𝑦̄ ∈ 𝐿𝑎𝑡 (𝑃) projecting to 𝑥. The polynomial-identity argument of Corollary 5 shows G𝐽1,𝐽2 ( 𝑦̄) = 0 for

all pairs of order ≤ 𝑡, so 𝑦̄ ∈ 𝐿𝑎𝑡 (𝐹) by (18). Then (19) and the claim give 𝑦̄ ∈ 𝐿𝑎𝑡 (𝐹), hence 𝑥 ∈ 𝐿𝑎𝑡 (𝐹).
□

4. Cutting-Plane Procedures Without the Hereditary Property Theorem 1 shows that any

cutting-plane procedure realized as an L-closure for a family L common to the underlying set and its faces

satisfies the hereditary property automatically. In this section we present four classical procedures which

cannot be realized as such L-closures, and for which the hereditary property fails, namely the closure of

Gomory’s fractional cuts, derived from either all bases or feasible bases only, the mixed-integer Chvátal

closure, the +-cut closure of Pokutta and Schulz (2010) [29], and the closure of Dantzig cuts derived from

feasible bases. By contrast, we will show in Section 5 that the closure of the Dantzig cuts derived from all

bases (feasible and infeasible) has the hereditary property.

The Gomory fractional and Dantzig cut procedures are defined for pure integer programs in standard form.

For these, let 𝑃 := {𝑥 ∈ R𝑛
+ : 𝐴𝑥 = 𝑏} be a rational polyhedron with 𝐴 ∈Q𝑚×𝑛 of rank 𝑚 and 𝑏 ∈Q𝑚, and let

𝑆 := 𝑃 ∩ Z𝑛. Denoting by 𝑎̄𝑖 𝑗 the coefficients of the simplex tableau associated with a (possibly infeasible)

basis 𝐵 of 𝐴, we may rewrite the system 𝐴𝑥 = 𝑏 as

𝑥𝑖 = 𝑏̄𝑖 −
∑︁
𝑗∈𝑁

𝑎̄𝑖 𝑗𝑥 𝑗 for 𝑖 ∈ 𝐵, (20)

where 𝑁 = {1, . . . , 𝑛} \ 𝐵 denotes the indices of the non-basic variables. The corresponding basic solution

𝑥𝐵 is given by 𝑥𝐵
𝑖
= 𝑏̄𝑖 for 𝑖 ∈ 𝐵, 𝑥𝐵

𝑗
= 0 for 𝑗 ∈ 𝑁 . The counterexamples for these two procedures involve

a facet of 𝑃 of the form 𝐹 = 𝑃 ∩ {𝑥 : 𝑥𝑡 = 0}. Since 𝑥𝑡 ≥ 0 is facet defining, the row vector 𝑒𝑡⊤ is linearly

independent of the rows of 𝐴, and 𝐹 is again a polyhedron in standard form,

𝐹 =
{
𝑥 ∈ R𝑛

+ : 𝐴𝐹𝑥 = 𝑏𝐹
}
, where 𝐴𝐹 :=

(
𝐴

𝑒𝑡
⊤

)
and 𝑏𝐹 :=

(
𝑏

0

)
,

to which the procedures apply through this description. Both procedures generate their cuts from the simplex

tableau of the defining system, and are therefore intrinsically tied to its description. The cuts of 𝐹 are

generated by the bases of 𝐴𝐹 rather than by those of 𝐴, so the closures of 𝑃 and of its faces are not realized

as L-closures for a family of lattice-free sets common to both, and Theorem 1 does not apply.

4.1. A Counterexample for Gomory Fractional Cuts The Gomory fractional cut (Gomory

(1958) [20]) is a classical cutting plane for pure integer programs in standard form. The cutting-plane algo-

rithm based on these cuts, Gomory’s lexicographic method, solves pure integer programs in a finite number
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of iterations (Gomory and Hoffman (1963) [22]). For a basis 𝐵 of 𝐴 and a row 𝑖 ∈ 𝐵 with 𝑏̄𝑖 ∉ Z, the Gomory

fractional cut from row 𝑖 is ∑︁
𝑗∈𝑁

𝑓 𝑗

𝑓0
𝑥 𝑗 ≥ 1, (21)

where 𝑓0 := 𝑏̄𝑖 − ⌊𝑏̄𝑖⌋ > 0 and 𝑓 𝑗 := 𝑎̄𝑖 𝑗 − ⌊𝑎̄𝑖 𝑗⌋ for 𝑗 ∈ 𝑁 . It is a valid inequality for 𝑆. Indeed, for 𝑥 ∈ 𝑆, row

𝑖 of the tableau (20) gives
∑

𝑗∈𝑁 𝑓 𝑗𝑥 𝑗 = (𝑏̄𝑖 − 𝑥𝑖) −
∑

𝑗∈𝑁 ⌊𝑎̄𝑖 𝑗⌋𝑥 𝑗 = 𝑓0 + 𝑘 for some 𝑘 ∈ Z. Since 𝑓0 ∈ (0,1)
and

∑
𝑗∈𝑁 𝑓 𝑗𝑥 𝑗 ≥ 0, this implies

∑
𝑗∈𝑁 𝑓 𝑗𝑥 𝑗 ≥ 𝑓0.

The Gomory fractional closure of 𝑃 is the intersection of 𝑃 with the Gomory fractional cuts generated by

all bases,

𝐺𝐵 (𝑃) := 𝑃∩
⋂

𝐵 basis of 𝐴
𝑥𝐵∉Z𝑛

{
𝑥 ∈ R𝑛 : 𝑥 satisfies (21) for all 𝑖 ∈ 𝐵 with 𝑏̄𝑖 ∉ Z

}
. (22)

As in Gomory’s algorithm, one may instead generate the cuts from feasible bases only. We denote by𝐺𝐹𝐵 (𝑃)
the closure defined as in (22), with the intersection restricted to the bases additionally satisfying 𝑥𝐵 ≥ 0. The

next example exhibits a polytope 𝑃 and a facet 𝐹 of 𝑃 for which both closures fail the hereditary property.

EXAMPLE 1. Consider the polytope

𝑃 := {𝑥 ∈ R2
+ : 2𝑥1 + 𝑥2 ≤ 4, 3𝑥1 + 3𝑥2 ≥ 1},

whose standard form is 𝑃 = {𝑥 ∈ R4
+ : 2𝑥1 + 𝑥2 + 𝑥3 = 4, 3𝑥1 + 3𝑥2 − 𝑥4 = 1}, and its facet

𝐹 = 𝑃∩ {𝑥 : 𝑥2 = 0}.

Then 𝐺𝐵 (𝐹) ≠𝐺𝐵 (𝑃) ∩ 𝐹 and 𝐺𝐹𝐵 (𝐹) ≠𝐺𝐹𝐵 (𝑃) ∩ 𝐹.

The fractional feasible basic solutions of 𝑃 are (0, 1
3 ,

11
3 ,0) and ( 1

3 ,0,
10
3 ,0), and the fractional infeasible

basic solution is ( 11
3 ,−

10
3 ,0,0). The basis {2,3}, at the vertex (0, 1

3 ,
11
3 ,0), has the tableau rows

𝑥2 =
1
3 − 𝑥1 + 1

3𝑥4, 𝑥3 =
11
3 − 𝑥1 − 1

3𝑥4,

whose Gomory fractional cuts are 2𝑥4 ≥ 1 and 1
2𝑥4 ≥ 1, respectively. The remaining fractional bases do not

produce any different Gomory fractional cuts. Both rows of the basis {1,3} yield 2𝑥4 ≥ 1, and both rows

of the infeasible basis {1,2} yield 1
2𝑥4 ≥ 1. Observe that the cut 1

2𝑥4 ≥ 1 dominates 2𝑥4 ≥ 1. In the original

variables, the cut 1
2𝑥4 ≥ 1 reads 𝑥1 + 𝑥2 ≥ 1. On 𝐹, the cuts 1

2𝑥4 ≥ 1 and 2𝑥4 ≥ 1 read 𝑥1 ≥ 1 and 𝑥1 ≥ 1
2 in the

original variables, so

𝐺𝐵 (𝑃) ∩ 𝐹 =𝐺𝐹𝐵 (𝑃) ∩ 𝐹 = {𝑥 ∈ R2
+ : 1 ≤ 𝑥1 ≤ 2, 𝑥2 = 0}.

The system defining 𝐹 has three bases, each containing 𝑥2. The bases {1,2,4} and {2,3,4} have the

integral basic solutions (2,0,0,5) and (0,0,4,−1) and generate no cuts. The only remaining basis is {1,2,3},
with the feasible basic solution ( 1

3 ,0,
10
3 ,0) and tableau rows 𝑥1 =

1
3 +

1
3𝑥4 and 𝑥3 =

10
3 − 2

3𝑥4, both of which
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yield the single Gomory fractional cut 2𝑥4 ≥ 1. In the original variables, this cut is 𝑥1 ≥ 1
2 on 𝐹. Hence,

under either convention,

𝐺𝐵 (𝐹) =𝐺𝐹𝐵 (𝐹) = {𝑥 ∈ R2
+ : 1

2 ≤ 𝑥1 ≤ 2, 𝑥2 = 0} ≠𝐺𝐵 (𝑃) ∩ 𝐹.

 for  i = , j =i,j −2,−1,0,1,2,3,4 −2,−

−2,−2 −1,−2 0,−2 1

1



2

49 element list

8/2/26, 9:40 PM Desmos | Graphing Calculator

https://www.desmos.com/calculator 1/2

P

F

2"! ≥ 1

"! + "" ≥ 1

Figure 1. A 2-dimensional example where the Gomory fractional cuts do not satisfy the hereditary property.

The failure is driven by the bases {1,2} and {2,3} of 𝑃, which produce the strongest Gomory fractional

cut, 𝑥1 ≥ 1, on 𝐹. However, the corresponding solutions ( 11
3 ,−

10
3 ,0,0) and (0, 1

3 ,
11
3 ,0) violate 𝑥2 = 0, so

they are not basic solutions of the system defining 𝐹 and cannot be used to derive this cut (see Figure 1).

REMARK 1. Every Gomory fractional cut is a Chvátal inequality of 𝑃 (see Conforti et al. (2014) [11],

Section 5.2), so the Gomory fractional cut closure contains the Chvátal closure. The containment is strict in

general (Cornuéjols and Li (2001) [13]). While the Chvátal closure satisfies the hereditary property for faces

of rational polyhedra in the pure integer setting (Schrijver (1980) [31]), Example1 shows that its relaxations

𝐺𝐵 (𝑃) and 𝐺𝐹𝐵 (𝑃) do not.

4.2. A Counterexample for the Mixed-Integer Chvátal Closure We consider a mixed-integer

extension of the classical Chvátal closure (Chvátal (1973) [10]) and exhibit a polytope 𝑃 and a face 𝐹 for

which the hereditary property fails to hold.

Recall from Section 1.3 the integer set 𝐼 and the continuous set 𝐶 := {1, . . . , 𝑛} \ 𝐼. Let𝑄 = {𝑥 ∈ R𝑛 : 𝐴𝑥 ≤
𝑏} be a rational polyhedron with mixed-integer feasible region 𝑆 = {𝑥 ∈𝑄 : 𝑥 𝑗 ∈ Z, 𝑗 ∈ 𝐼}. A mixed-integer

Chvátal inequality for 𝑄 is an inequality 𝜋𝑥 ≤ 𝜋0 with 𝜋 ∈ Z𝑛 such that there exists 𝑢 ≥ 0 with 𝑢𝐴 = 𝜋,

𝑢𝐴𝐶 = 0, 𝑢𝐴𝐼 ∈ Z |𝐼 | , and 𝜋0 ≥ ⌊𝑢𝑏⌋. The mixed-integer Chvátal closure 𝑄𝐶ℎ of 𝑄 is the intersection of 𝑄

with all such inequalities.
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Note that the structural mechanism of Section 2 does not apply. Since mixed-integer Chvátal inequalities

are derived from the inequalities valid for the underlying set, applying the procedure to a face 𝐹 generates

cuts that cannot necessarily be obtained from any family of lattice-free convex sets used to obtain the closure

of 𝑄, so the procedure is not an L-closure for a family common to 𝑄 and its faces.

EXAMPLE 2. Let 𝐼 = {1}, 𝐶 = {2}, and 𝑆 = 𝑃∩ (Z×R) for the polytope

𝑃 := {𝑥 ∈ R2 : 𝑥1 + 𝑥2 ≤ 1, −𝑥1 + 𝑥2 ≤ 0, 𝑥2 ≥ 0}.

Consider its face

𝐹 = 𝑃∩ {𝑥 : 𝑥2 =
1
2 } = {( 1

2 ,
1
2 )}.

Then 𝐹𝐶ℎ ≠ 𝑃𝐶ℎ ∩ 𝐹.

It is straightforward to check that 𝐹𝐶ℎ = ∅, since 𝐹 is a single fractional point in the integer-restricted

variable 𝑥1, while 𝑃𝐶ℎ = 𝑃, since no nontrivial mixed-integer Chvátal inequality cuts off any point of 𝑃.

Therefore ∅ = 𝐹𝐶ℎ ≠ 𝑃𝐶ℎ ∩ 𝐹 = 𝐹.

4.3. A Counterexample for +-Cuts The +-cut procedure was introduced by Pokutta and Schulz

(2010) [29] as a cutting-plane technique in the 0-1 setting. Unlike convexification-based methods, it is

combinatorial in nature and relies on a structured family of disjunctions over logarithmically sized subsets

of variables.

Let 𝑃 ⊆ [0,1]𝑛 be a polytope and 𝑆 := 𝑃 ∩ {0,1}𝑛. Let 𝐽 ⊆ {1, . . . , 𝑛} with |𝐽 | ≤ ⌈log𝑛⌉, and let 𝐼 ⊆ 𝐼 ⊆

{1, . . . , 𝑛} with 𝐼 ∩ 𝐽 = ∅. If there exists 𝜖 > 0 such that, for all 𝐽 ⊆ 𝐽, the inequality∑︁
𝑖∈𝐼

𝑥𝑖 +
∑︁
𝑖∈𝐼\𝐼

(1− 𝑥𝑖) +
∑︁
𝑖∈𝐽

𝑥𝑖 +
∑︁
𝑖∈𝐽\𝐽

(1− 𝑥𝑖) ≥ 𝜖

is valid for 𝑃, then the inequality ∑︁
𝑖∈𝐼

𝑥𝑖 +
∑︁
𝑖∈𝐼\𝐼

(1− 𝑥𝑖) ≥ 1

is called a +-cut for 𝑃. The +-cut closure of 𝑃, denoted 𝑃+, is defined as the intersection of all +-cuts valid

for 𝑃.

As with the mixed-integer Chvátal closure and the Gomory fractional cut closure, the mechanism of

Section 2 does not apply to +-cuts. A +-cut is derived from inequalities valid for 𝑃, so applying the procedure

to a face 𝐹 generates new cuts that cannot be derived from any family of lattice-free convex sets that may

produce the closure of 𝑃. The procedure is therefore not an L-closure for a family common to 𝑃 and its

faces.

We now exhibit a polytope 𝑃 and a face 𝐹 for which 𝐹+ ≠ 𝑃+ ∩ 𝐹.
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EXAMPLE 3. Consider the polytope

𝑃 := {𝑥 ∈ [0,1]3 : 𝑥1 + 𝑥2 ≥ 1, 𝑥1 + 𝑥3 ≥ 1, 𝑥2 + 𝑥3 ≥ 1}

and its face

𝐹 = 𝑃∩ {𝑥 : 𝑥1 + 𝑥2 = 1}.

Then 𝐹+ ≠ 𝑃+ ∩ 𝐹.

Observe that

𝑃+ = 𝑃 = conv
(
(0,1,1), (1,1,1), (1,1,0), (1,0,1), ( 1

2 ,
1
2 ,

1
2 )
)
,

because the following inequalities are all of the +-cuts of 𝑃:

𝑥1 + 𝑥2 ≥ 1

𝑥1 + 𝑥3 ≥ 1

𝑥2 + 𝑥3 ≥ 1

𝑥1 + 𝑥2 + 𝑥3 ≥ 1

𝑥1 + (1− 𝑥2) + 𝑥3 ≥ 1

(1− 𝑥1) + 𝑥2 + 𝑥3 ≥ 1

𝑥1 + 𝑥2 + (1− 𝑥3) ≥ 1

However, 𝐹+ = 𝐹 ∩ {𝑥 : 𝑥3 = 1} = conv((0,1,1), (1,0,1)) as the inequality 𝑥3 ≥ 1 is a +-cut of 𝐹. Therefore,

𝐹 = 𝑃+ ∩ 𝐹 ≠ 𝐹+.

4.4. A Counterexample for Dantzig Cuts from Feasible Bases We conclude with the cutting-

plane procedure introduced by Dantzig (1959) [16], one of the earliest methods developed for pure integer

programs. For a basis 𝐵 of 𝐴 with 𝑥𝐵 ∉ Z𝑛, the associated Dantzig cut is∑︁
𝑗∈𝑁

𝑥 𝑗 ≥ 1. (23)

This inequality removes the fractional basic solution without violating any point of 𝑆 because a point 𝑥 ∈ 𝑆
with 𝑥 𝑗 = 0 for all 𝑗 ∈ 𝑁 would equal 𝑥𝐵 ∉ Z𝑛.

Dantzig originally defined this procedure for the pure integer setting, but it can be extended naturally to

mixed-integer programs. In particular, let 𝐼 and 𝐶 denote the index sets of integer and continuous variables,

respectively. In this case, one may omit the tableau equations corresponding to basic variables in 𝐶, since

each such variable 𝑥𝑖 appears in only one equality and does not affect integrality constraints. Hence, without

loss of generality, all basic variables may be assumed to be integer variables when generating Dantzig cuts.
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Although Dantzig provides a procedural method for deriving such cuts, the notion of a Dantzig cut closure

is not well defined in the literature. Since Dantzig’s algorithm generates cuts at basic feasible solutions, a

natural first definition is the closure derived from the cuts (23) associated with feasible bases,

𝐷𝐹𝐵 (𝑃) := 𝑃∩
{
𝑥 ∈ R𝑛 :

∑︁
𝑗∈𝑁

𝑥 𝑗 ≥ 1 for all bases 𝐵 of 𝐴 such that 𝑥𝐵 ≥ 0 and 𝑥𝐵 ∉ Z𝑛
}
. (24)

In contrast with the Gomory fractional cut, a cutting-plane algorithm based on Dantzig cuts, which are

generated at basic feasible solutions, cannot, in general, solve a pure integer program in a finite number of

iterations (Gomory and Hoffman (1963) [24]). The next example shows that the closure 𝐷𝐹𝐵 also fails to

satisfy the hereditary property.

EXAMPLE 4. Consider the polytope

𝑃 := {𝑥 ∈ R2
+ : 2𝑥1 + 2𝑥2 ≤ 1, 5𝑥2 ≤ 2},

whose standard form is 𝑃 = {𝑥 ∈ R4
+ : 2𝑥1 + 2𝑥2 + 𝑥3 = 1, 5𝑥2 + 𝑥4 = 2}, and its facet

𝐹 = 𝑃∩ {𝑥 : 𝑥1 = 0}.

Then 𝐷𝐹𝐵 (𝐹) ≠ 𝐷𝐹𝐵 (𝑃) ∩ 𝐹.

In the standard form, 𝑆 = 𝑃 ∩ Z4 = {(0,0,1,2)}. The polytope 𝑃 has one integral basic feasible solution

(0,0,1,2), and three fractional basic feasible solutions ( 1
10 ,

2
5 ,0,0), (

1
2 ,0,0,2), and (0, 2

5 ,
1
5 ,0). The fractional

basic feasible solutions yield the Dantzig cuts 𝑥3 + 𝑥4 ≥ 1, 𝑥2 + 𝑥3 ≥ 1, and 𝑥1 + 𝑥4 ≥ 1, respectively. On 𝐹

and in the original variables, these cuts read 𝑥2 ≤ 2
7 , 𝑥2 ≤ 0, and 𝑥2 ≤ 1

5 , so 𝐷𝐹𝐵 (𝑃) ∩ 𝐹 = {(0,0,1,2)}.

The system defining 𝐹 has a single fractional basic feasible solution, namely (0, 2
5 ,

1
5 ,0) with basis {1,2,3},

whose Dantzig cut is 𝑥4 ≥ 1 and reads 𝑥2 ≤ 1
5 in the original variables. Hence

𝐷𝐹𝐵 (𝐹) =
{
𝑥 ∈ R2

+ : 𝑥1 = 0, 𝑥2 ≤ 1
5
}
≠ {(0,0)} = 𝐷𝐹𝐵 (𝑃) ∩ 𝐹.

The cut 𝑥2 + 𝑥3 ≥ 1 responsible for the failure is generated by the vertex ( 1
2 ,0,0,2), which does not lie on

𝐹. The failure, however, appears to be tied to the restriction to feasible bases rather than to the Dantzig cut

itself. The basis {1,2,4} of 𝐴𝐹 , whose basic solution (0, 1
2 ,0,−

1
2 ) is infeasible, generates the additional cut

𝑥3 ≥ 1, which gives 𝑥2 ≤ 0 on 𝐹 in the original variables, and restores the strongest Dantzig cut on 𝐹 in this

example. In Section 5 we show that this is not specific to this instance, by proving that the Dantzig closure

derived from all bases, feasible or not, satisfies the hereditary property (Corollary 7).
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5. The Hereditary Property via the Corner Polyhedron The counterexamples of Section 4 show

that the hereditary property can fail for several well-known procedures. In the case of the Dantzig closure,

the failure can hinge on which bases are permitted to generate cuts. In this section we develop a framework

that accounts for this behavior.

The Gomory fractional and Dantzig cuts are valid inequalities for Gomory’s corner polyhedron (Gomory

(1969) [23]), a relaxation of the integer hull of 𝑃 associated with a basis of the constraint matrix. Cuts of

this kind are indexed by bases, and a face of a polyhedron in standard form has bases of its own. Theorem 2

below gives a sufficient condition, relating the cuts that a procedure generates for a polyhedron to those it

generates for a face, under which the resulting closure satisfies the hereditary property. The condition has

two halves. Each procedure of Section 4 that generates cuts of this kind satisfies one half and fails the other,

which locates the failure of the hereditary property precisely. We show that the Dantzig closure derived from

all bases satisfies both, and the hereditary property follows.

We continue in the standard-form setting. Let 𝑃 := {𝑥 ∈ R𝑛
+ : 𝐴𝑥 = 𝑏} be a rational polyhedron with

𝐴 ∈ Q𝑚×𝑛 of rank 𝑚 and 𝑏 ∈ Q𝑚. For a (possibly infeasible) basis 𝐵 of 𝐴 with nonbasic index set 𝑁 , we

follow the simplex tableau notation of (20).

Gomory defines the set

𝑃(𝐵) := {𝑥 ∈ R𝑛 : 𝑥𝑖 = 𝑏̄𝑖 −
∑︁
𝑗∈𝑁

𝑎̄𝑖 𝑗𝑥 𝑗 for 𝑖 ∈ 𝐵, 𝑥 𝑗 ≥ 0 for 𝑗 ∈ 𝑁}.

The corner polyhedron relative to the basis 𝐵, corner(𝐵), is the convex hull of the integer points in 𝑃(𝐵),

corner(𝐵) := conv(𝑃(𝐵) ∩Z𝑛).

The following lemma characterizes all nontrivial valid inequalities for corner(𝐵) (see, e.g., Conforti et al.

(2014) [11], Lemma 6.4).

LEMMA 11. Assume corner(𝐵) is nonempty. Every nontrivial valid inequality for corner(𝐵) can be

written in the form
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1 where 𝛾 𝑗 ≥ 0 for all 𝑗 ∈ 𝑁 .

Furthermore, by Conforti et al. (2014) [11], Theorem 6.12, the nontrivial valid inequalities for corner(𝐵)
are intersection cuts. Hence any closure derived from them is again an instance of an L-closure, but with a

family L indexed by the bases of the underlying polyhedron.

5.1. Faces and Basis Extension Let 𝐽 ⊆ {1, . . . , 𝑛} index a minimal set of facet-defining inequal-

ities such that 𝑃 = {𝑥 ∈ R𝑛 : 𝐴𝑥 = 𝑏, 𝑥 𝑗 ≥ 0, 𝑗 ∈ 𝐽}. Let 𝐹 be a proper face of 𝑃 characterized by 𝐹 := {𝑥 ∈
R𝑛 : 𝐴𝐹𝑥 = 𝑏𝐹 , 𝑥 ≥ 0}.

LEMMA 12. We may assume that 𝐴𝐹 has rank 𝑚 + 𝑑 where 𝑑 = dim(𝑃) − dim(𝐹).
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Proof. If 𝐹 is a proper face of 𝑃, there exists a facet 𝐹1 of 𝑃 that contains 𝐹. Let 𝐹1 = 𝑃∩{𝑥 ∈ R𝑛 : 𝑥𝑡 = 0}
for some 𝑡 ∈ 𝐽. Let 𝑥 𝑗 ≥ 0 for 𝑗 ∈ 𝐽1 be a minimal set of facet-defining inequalities for the polyhedron

𝐹1. Then 𝐹1 = {𝑥 ∈ R𝑛 : 𝐴𝐹1𝑥 = 𝑏𝐹1 , 𝑥 𝑗 ≥ 0 ∀ 𝑗 ∈ 𝐽1}, where 𝐴𝐹1 =

(
𝐴

𝑒𝑡
⊤

)
and 𝑏𝐹1 =

(
𝑏

0

)
. Since 𝑥𝑡 ≥ 0 is

a nonredundant facet-defining inequality of 𝑃, 𝑒𝑡⊤ is linearly independent of the rows of 𝐴. Therefore,

rank(𝐴𝐹1) =𝑚 + 1.

By induction on 𝑑, we have that 𝐹 = {𝑥 ∈ R𝑛 : 𝐴𝐹𝑥 = 𝑏𝐹 , 𝑥 𝑗 ≥ 0 ∀ 𝑗 ∈ 𝐽𝑑}, where 𝐴𝐹 =

(
𝐴

𝐸

)
, 𝐸 is a matrix

of standard basis row vectors corresponding to variables set to zero in 𝐹, rank(𝐴𝐹) =𝑚 + 𝑑, 𝑏𝐹 =

(
𝑏

0

)
, and

𝐽𝑑 indexes a minimal set of facet-defining inequalities in 𝐹. □

Throughout, we let 𝐷 ⊆ 𝐽 denote the set of indices 𝑗 such that 𝑥 𝑗 = 0 is a constraint in 𝐴𝐹𝑥 = 𝑏𝐹 , so that

|𝐷 | = 𝑑 and 𝐸 consists of the rows 𝑒 𝑗⊤ for 𝑗 ∈ 𝐷.

For a basis 𝐵𝐹 of 𝐴𝐹 , define

𝐹 (𝐵𝐹) := {𝑥 ∈ R𝑛 : 𝑥𝑖 = 𝑏̃𝑖 −
∑︁
𝑗∈𝑁𝐹

𝑎̃𝑖 𝑗𝑥 𝑗 for 𝑖 ∈ 𝐵𝐹 , 𝑥 𝑗 ≥ 0 for 𝑗 ∈ 𝑁𝐹},

where 𝑏̃ is the corresponding basic solution in 𝐹, and 𝑎̃𝑖 𝑗 are the coefficients of the simplex tableau of the

extended system that defines 𝐹. Let corner(𝐵𝐹) be the convex hull of the integer points in 𝐹 (𝐵𝐹).
Consider a basis 𝐵𝐹 of 𝐴𝐹 . The row 𝑒 𝑗

⊤ of 𝐸 has its only nonzero entry in column 𝑗 , so if some 𝑗 ∈ 𝐷
were nonbasic, the submatrix of 𝐴𝐹 with columns indexed by 𝐵𝐹 would contain a zero row. Therefore, the 𝑑

variables 𝑥 𝑗 , for 𝑗 ∈ 𝐷, are basic variables in 𝐵𝐹 . Moreover, 𝐵 := 𝐵𝐹 \𝐷 is a basis of 𝐴 with |𝐵| =𝑚. Indeed,

after permuting rows and columns, the nonsingular submatrix of 𝐴𝐹 with columns indexed by 𝐵𝐹 takes the

block triangular form
(
𝐴𝐵 𝐴𝐷

0 𝐼

)
, where 𝐴𝐵 and 𝐴𝐷 denote the submatrices of 𝐴 with columns indexed by

𝐵 and by 𝐷, so 𝐴𝐵 is nonsingular. The corresponding sets of non-basic variables satisfy 𝑁 = 𝑁𝐹 ∪𝐷. The

next lemma shows that, along this correspondence, the simplex tableau entries in the columns indexed by

𝑁𝐹 are unchanged.

LEMMA 13. Let 𝐵𝐹 be a basis of 𝐴𝐹 and 𝐵 := 𝐵𝐹 \𝐷, with nonbasic index sets 𝑁𝐹 and 𝑁 = 𝑁𝐹 ∪𝐷,

respectively. Then 𝑏̃𝑖 = 𝑏̄𝑖 and 𝑎̃𝑖 𝑗 = 𝑎̄𝑖 𝑗 for all 𝑖 ∈ 𝐵 and 𝑗 ∈ 𝑁𝐹 . Moreover, 𝑏̃𝑖 = 0 and 𝑎̃𝑖 𝑗 = 0 for all 𝑖 ∈ 𝐷
and 𝑗 ∈ 𝑁𝐹 . In particular, 𝑥𝐵𝐹 = 𝑥𝐵.

Proof. On the affine subspace {𝑥 ∈ R𝑛 : 𝐴𝑥 = 𝑏}, the tableau of 𝐵 expresses

𝑥𝑖 = 𝑏̄𝑖 −
∑︁
𝑗∈𝑁𝐹

𝑎̄𝑖 𝑗𝑥 𝑗 −
∑︁
𝑗∈𝐷

𝑎̄𝑖 𝑗𝑥 𝑗 for 𝑖 ∈ 𝐵.

On the affine subspace {𝑥 ∈ R𝑛 : 𝐴𝐹𝑥 = 𝑏𝐹}, we additionally have 𝑥 𝑗 = 0 for 𝑗 ∈ 𝐷, so

𝑥𝑖 = 𝑏̄𝑖 −
∑︁
𝑗∈𝑁𝐹

𝑎̄𝑖 𝑗𝑥 𝑗 for 𝑖 ∈ 𝐵, 𝑥 𝑗 = 0 for 𝑗 ∈ 𝐷.
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These equations express the basic variables of 𝐵𝐹 = 𝐵 ∪ 𝐷 in terms of the nonbasic variables indexed by

𝑁𝐹 . Since the tableau representation with respect to a basis is unique, they constitute the tableau of 𝐵𝐹 ,

which proves the stated equalities. Setting the nonbasic variables to zero yields 𝑥𝐵𝐹 = 𝑥𝐵. □

We present a second structural lemma that goes in the opposite direction, extending a basis of 𝐴 to a basis

of 𝐴𝐹 whose basic solution is again fractional.

LEMMA 14. Let 𝐵 be a basis of 𝐴 with 𝑥𝐵 ∉ Z𝑛, and let
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1, with 𝛾 𝑗 ≥ 0 for 𝑗 ∈ 𝑁 , be a

valid inequality for corner(𝐵) that is not valid for 𝐹. Then there exists a basis 𝐵𝐹 of 𝐴𝐹 such that 𝐵 ⊂ 𝐵𝐹

and 𝑥𝐵𝐹 ∉ Z𝑛.

Proof. Consider the polyhedron 𝐹̄ := {𝑥 ∈ R𝑛 : 𝐴𝐹𝑥 = 𝑏𝐹 , 𝑥 𝑗 ≥ 0 for 𝑗 ∈ 𝑁}, which contains 𝐹. It is

pointed, since any 𝑤 in its lineality space satisfies 𝐴𝑤 = 0 and 𝑤 𝑗 = 0 for 𝑗 ∈ 𝑁 , hence 𝐴𝐵𝑤𝐵 = 0 and 𝑤 = 0.

We first show that 𝐹̄ has a vertex 𝑥 such that
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 < 1.

Since the cut is not valid for 𝐹 and 𝐹 ⊆ 𝐹̄, there exists 𝑦̄ ∈ 𝐹̄ with
∑

𝑗∈𝑁 𝛾 𝑗 𝑦̄ 𝑗 < 1. By the decomposition

theorem for polyhedra, we may write 𝑦̄ =
∑𝑝

𝑖=1 𝛼𝑖𝑣
𝑖 +∑𝑞

𝑡=1 𝛽𝑡𝑟
𝑡 , where 𝑣1, . . . , 𝑣𝑝 are the vertices of 𝐹̄,

𝑟1, . . . , 𝑟𝑞 are its extreme rays,
∑𝑝

𝑖=1 𝛼𝑖 = 1, 𝛼𝑖 ≥ 0, and 𝛽𝑡 ≥ 0. Every ray 𝑟 𝑡 of 𝐹̄ satisfies 𝑟 𝑡
𝑗
≥ 0 for 𝑗 ∈ 𝑁 ,

and 𝛾 ≥ 0, so
∑

𝑗∈𝑁 𝛾 𝑗𝑟
𝑡
𝑗
≥ 0. It follows that

∑
𝑗∈𝑁 𝛾 𝑗𝑣

𝑖
𝑗
< 1 for some 𝑖 ∈ {1, . . . , 𝑝}, and we may take 𝑥 := 𝑣𝑖.

Because 𝑥 is a vertex of 𝐹̄, it satisfies 𝑛 linearly independent constraints of 𝐹̄ with equality. Since the

𝑚 + 𝑑 rows of 𝐴𝐹 are linearly independent, these constraints may be chosen as the equalities 𝐴𝐹𝑥 = 𝑏𝐹

together with the equations 𝑥 𝑗 = 0 for 𝑗 in a set 𝑇 ⊆ { 𝑗 ∈ 𝑁 : 𝑥 𝑗 = 0} with |𝑇 | = 𝑛 −𝑚 − 𝑑. We show that

𝐵𝐹 := {1, . . . , 𝑛} \𝑇 is the desired basis of 𝐴𝐹 . The 𝑛×𝑛 matrix
(
𝐴𝐹

𝐼𝑇

)
, where 𝐼𝑇 consists of the rows 𝑒 𝑗⊤ for

𝑗 ∈ 𝑇 , has the chosen constraints as its rows and is therefore nonsingular. Each row of 𝐼𝑇 has a single nonzero

entry, so cofactor expansion of the determinant along these rows successively removes them together with

the columns indexed by 𝑇 . The columns of 𝐴𝐹 indexed by 𝐵𝐹 thus form a nonsingular submatrix, and 𝐵𝐹

is a basis of 𝐴𝐹 with nonbasic index set 𝑇 . Moreover, 𝑥𝐵𝐹 = 𝑥, as both points satisfy the nonsingular system

𝐴𝐹𝑥 = 𝑏𝐹 , 𝑥 𝑗 = 0 for 𝑗 ∈ 𝑇 . Since 𝑇 ⊆ 𝑁 , we have 𝐵 ⊂ 𝐵𝐹 . Note that 𝐵𝐹 may be an infeasible basis of 𝐴𝐹 .

It remains to verify that 𝑥𝐵𝐹 ∉ Z𝑛. If 𝑥𝐵𝐹 ∈ Z𝑛, then 𝑥𝐵𝐹

𝑗
= 𝑥 𝑗 ≥ 0 for all 𝑗 ∈ 𝑁 , so 𝑥𝐵𝐹 ∈ 𝑃(𝐵) ∩ Z𝑛 ⊆

corner(𝐵), while
∑

𝑗∈𝑁 𝛾 𝑗𝑥
𝐵𝐹

𝑗
=
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 < 1, contradicting the validity of the cut for corner(𝐵). □

5.2. Basis-Compatible Families of Corner Cuts We consider cutting-plane procedures of the

following general form: for each basis 𝐵 of 𝐴 such that 𝑥𝐵 ∉ Z𝑛, the procedure generates a (possibly empty)

set Γ(𝐵) of nonnegative vectors 𝛾 = (𝛾 𝑗) 𝑗∈𝑁 that produce valid inequalities for corner(𝐵), each of the form∑
𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1. We call Γ a family of corner cuts. The procedure defining Γ applies to an arbitrary system

in standard form. In particular, Γ assigns cuts to the bases of 𝐴𝐹 for each proper face 𝐹 of 𝑃. The Γ-closure

of 𝑃 is

𝑃Γ := 𝑃∩
⋂

𝐵 basis of 𝐴
𝑥𝐵∉Z𝑛

{
𝑥 ∈ R𝑛 :

∑︁
𝑗∈𝑁

𝛾 𝑗𝑥 𝑗 ≥ 1 ∀𝛾 ∈ Γ(𝐵)
}
,
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and the Γ-closure 𝐹Γ of a face 𝐹 is defined analogously, with the bases of 𝐴𝐹 in place of the bases of 𝐴.

We say that a family of corner cuts Γ is basis-compatible if, for every polyhedron 𝑃 in standard form and

every proper face 𝐹 of 𝑃, the following two conditions hold:

(i) (Lifting) For every basis 𝐵𝐹 of 𝐴𝐹 with 𝑥𝐵𝐹 ∉ Z𝑛 and every 𝛾 ∈ Γ(𝐵𝐹), there is a 𝛾′ ∈ Γ(𝐵), where

𝐵 = 𝐵𝐹 \𝐷, such that 𝛾′
𝑗
≤ 𝛾 𝑗 for all 𝑗 ∈ 𝑁𝐹 .

(ii) (Restriction) For every basis 𝐵 of 𝐴 with 𝑥𝐵 ∉ Z𝑛 and every 𝛾 ∈ Γ(𝐵) whose cut
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1 is

not valid for 𝐹, there exist a basis 𝐵𝐹 of 𝐴𝐹 with 𝐵 ⊂ 𝐵𝐹 and 𝑥𝐵𝐹 ∉ Z𝑛, and a 𝛾′ ∈ Γ(𝐵𝐹) such that

𝛾′
𝑗
≤ 𝛾 𝑗 for all 𝑗 ∈ 𝑁𝐹 .

In the lifting condition, 𝑥𝐵 = 𝑥𝐵𝐹 ∉ Z𝑛 by Lemma 13, so Γ(𝐵) is well defined. Informally, the lifting condition

states that every cut of the face can be lifted to a cut of the polyhedron that dominates on the face. Likewise,

the restriction condition states that every cut of the polyhedron can be restricted to a cut of the face that

dominates on the face.

THEOREM 2. Let Γ be a family of corner cuts and let 𝐹 be a proper face of 𝑃.

(a) If Γ satisfies the lifting condition, then 𝑃Γ ∩ 𝐹 ⊆ 𝐹Γ.

(b) If Γ satisfies the restriction condition, then 𝐹Γ ⊆ 𝑃Γ ∩ 𝐹.

In particular, if Γ is basis-compatible, then 𝐹Γ = 𝑃Γ ∩ 𝐹.

Proof. (a) Let 𝑦 ∈ 𝑃Γ ∩ 𝐹, and consider the cut
∑

𝑗∈𝑁𝐹
𝛾 𝑗𝑥 𝑗 ≥ 1 generated by some 𝛾 ∈ Γ(𝐵𝐹) for a

basis 𝐵𝐹 of 𝐴𝐹 with 𝑥𝐵𝐹 ∉ Z𝑛. By the lifting condition, there is a 𝛾′ ∈ Γ(𝐵), where 𝐵 = 𝐵𝐹 \𝐷, with 𝛾′
𝑗
≤ 𝛾 𝑗

for all 𝑗 ∈ 𝑁𝐹 , and 𝑦 ∈ 𝑃Γ satisfies the cut
∑

𝑗∈𝑁 𝛾
′
𝑗
𝑥 𝑗 ≥ 1. Since 𝑦 ∈ 𝐹, we have 𝑦 𝑗 = 0 for 𝑗 ∈ 𝐷 and 𝑦 ≥ 0,

so, using 𝑁 = 𝑁𝐹 ∪𝐷,

1 ≤
∑︁
𝑗∈𝑁

𝛾′𝑗 𝑦 𝑗 =
∑︁
𝑗∈𝑁𝐹

𝛾′𝑗 𝑦 𝑗 ≤
∑︁
𝑗∈𝑁𝐹

𝛾 𝑗 𝑦 𝑗 .

Hence 𝑦 satisfies every cut of 𝐹, and 𝑦 ∈ 𝐹Γ.

(b) Since 𝐹Γ ⊆ 𝐹 ⊆ 𝑃, it suffices to show that every 𝑦 ∈ 𝐹Γ satisfies the cut
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1 for every basis

𝐵 of 𝐴 with 𝑥𝐵 ∉ Z𝑛 and every 𝛾 ∈ Γ(𝐵). If the cut is valid for 𝐹, this is clear. Otherwise, the restriction

condition provides a basis 𝐵𝐹 of 𝐴𝐹 with 𝐵 ⊂ 𝐵𝐹 and 𝑥𝐵𝐹 ∉ Z𝑛, and a 𝛾′ ∈ Γ(𝐵𝐹) with 𝛾′
𝑗
≤ 𝛾 𝑗 for all

𝑗 ∈ 𝑁𝐹 , and 𝑦 satisfies the cut
∑

𝑗∈𝑁𝐹
𝛾′
𝑗
𝑥 𝑗 ≥ 1. Since 𝑁𝐹 ⊂ 𝑁 and 𝑦 ≥ 0,∑︁

𝑗∈𝑁
𝛾 𝑗 𝑦 𝑗 ≥

∑︁
𝑗∈𝑁𝐹

𝛾 𝑗 𝑦 𝑗 ≥
∑︁
𝑗∈𝑁𝐹

𝛾′𝑗 𝑦 𝑗 ≥ 1.

□

We next classify the procedures of Section 4 with respect to this framework. The mixed-integer Chvátal and

+-cut closures fall outside it. The mixed-integer Chvátal procedure admits an analog of the Gomory fractional

cut through Gomory’s mixed-integer inequalities (Gomory (1960) [21]), but such cuts may carry negative

coefficients. Likewise, rewriting a +-cut in the nonbasic variables of a tableau yields negative coefficients
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from the complemented terms. Neither procedure therefore generates cuts of the form
∑

𝑗∈𝑁 𝛾 𝑗𝑥 𝑗 ≥ 1 with

𝛾 ≥ 0 that, by Lemma 11, characterizes the nontrivial valid inequalities for corner(𝐵).

The Gomory fractional and Dantzig cuts, by contrast, fit the framework. The computation of Section 4.1

applies verbatim to any 𝑥 ∈ 𝑃(𝐵) ∩Z𝑛, so the Gomory fractional cut (21) is valid for corner(𝐵). The Dantzig

cut (23) is likewise valid for corner(𝐵), since a point 𝑥 ∈ 𝑃(𝐵) ∩Z𝑛 with 𝑥 𝑗 = 0 for all 𝑗 ∈ 𝑁 would equal 𝑥𝐵.

Accordingly, consider a basis 𝐵 of 𝐴 with 𝑥𝐵 ∉ Z𝑛. Let ΓGB(𝐵) consist of the coefficient vectors ( 𝑓 𝑗/ 𝑓0) 𝑗∈𝑁
of the Gomory fractional cuts (21) from the rows 𝑖 ∈ 𝐵 with 𝑏̄𝑖 ∉ Z, and let ΓDB(𝐵) := {1}, where 1 := (1) 𝑗∈𝑁
is the coefficient vector of the Dantzig cut (23). The two feasible-basis conventions are obtained by discarding

the infeasible bases: ΓGFB(𝐵) := ΓGB(𝐵) and ΓDFB(𝐵) := ΓDB(𝐵) if 𝑥𝐵 ≥ 0, and ΓGFB(𝐵) := ΓDFB(𝐵) := ∅

otherwise. These are all families of corner cuts, and

𝐺𝐵 (𝑃) = 𝑃ΓGB , 𝐺𝐹𝐵 (𝑃) = 𝑃ΓGFB , 𝐷𝐹𝐵 (𝑃) = 𝑃ΓDFB .

LEMMA 15. The families ΓGB, ΓGFB, and ΓDFB satisfy the lifting condition.

Proof. Let 𝐵𝐹 be a basis of 𝐴𝐹 with 𝑥𝐵𝐹 ∉ Z𝑛 and let 𝐵 = 𝐵𝐹 \𝐷. By Lemma 13, 𝑏̃𝑖 = 𝑏̄𝑖 and 𝑎̃𝑖 𝑗 = 𝑎̄𝑖 𝑗
for all 𝑖 ∈ 𝐵 and 𝑗 ∈ 𝑁𝐹 , 𝑏̃𝑖 = 0 for 𝑖 ∈ 𝐷, and 𝑥𝐵𝐹 = 𝑥𝐵. In particular, 𝑥𝐵 ∉ Z𝑛, and 𝑥𝐵 is feasible whenever

𝑥𝐵𝐹 is. Consider first the Gomory fractional cut of 𝐹 from a row 𝑖 of 𝐵𝐹 with 𝑏̃𝑖 ∉ Z. Then 𝑖 ∈ 𝐵, and the

Gomory fractional cut of 𝑃 from row 𝑖 of 𝐵 has the same coefficients 𝑓 𝑗/ 𝑓0 for all 𝑗 ∈ 𝑁𝐹 . For the Dantzig

cut of 𝐹 from 𝐵𝐹 , the Dantzig cut of 𝑃 from 𝐵 has coefficients equal to 1 on 𝑁𝐹 . In each case, the cut of 𝑃

belongs to the corresponding family, and its coefficients on 𝑁𝐹 equal those of the cut of 𝐹. □

By Theorem 2(a), the inclusions

𝐺𝐵 (𝑃) ∩ 𝐹 ⊆ 𝐺𝐵 (𝐹), 𝐺𝐹𝐵 (𝑃) ∩ 𝐹 ⊆ 𝐺𝐹𝐵 (𝐹), 𝐷𝐹𝐵 (𝑃) ∩ 𝐹 ⊆ 𝐷𝐹𝐵 (𝐹)

hold for every proper face 𝐹. The reverse inclusions are precisely the ones that fail in the examples of

Sections 4.1 and 4.4. By Theorem 2(b), none of the three families satisfies the restriction condition.

5.3. The Dantzig Closure from All Bases We define the Dantzig closure derived from the cuts

(23) associated with all bases,

𝐷𝐵 (𝑃) := 𝑃∩
{
𝑥 ∈ R𝑛 :

∑︁
𝑗∈𝑁

𝑥 𝑗 ≥ 1 for all bases 𝐵 of 𝐴 such that 𝑥𝐵 ∉ Z𝑛
}
.

In the notation of Section 5.2, this closure is the ΓDB-closure of 𝑃. Since every cut in (24) is also generated

by ΓDB, we have 𝐷𝐵 (𝑃) ⊆ 𝐷𝐹𝐵 (𝑃). We now show that the closure 𝐷𝐵 (𝑃) satisfies the hereditary property.

LEMMA 16. ΓDB is basis-compatible.



Authors’ names not included for peer review
30 Article submitted to Mathematics of Operations Research

Proof. For the lifting condition, consider the Dantzig cut
∑

𝑗∈𝑁𝐹
𝑥 𝑗 ≥ 1 of 𝐹 from a basis 𝐵𝐹 of 𝐴𝐹 ,

and let 𝐵 = 𝐵𝐹 \ 𝐷. By Lemma 13, 𝑥𝐵 = 𝑥𝐵𝐹 ∉ Z𝑛, so ΓDB(𝐵) contains 1, which generates the Dantzig cut∑
𝑗∈𝑁 𝑥 𝑗 ≥ 1 with coefficients equal to 1 on 𝑁𝐹 . For the restriction condition, consider the Dantzig cut of

𝑃 from a basis 𝐵, not valid for 𝐹. By Lemma 14, there exists a basis 𝐵𝐹 of 𝐴𝐹 with 𝐵 ⊂ 𝐵𝐹 and 𝑥𝐵𝐹 ∉ Z𝑛.

Then ΓDB(𝐵𝐹) contains 1, which generates the Dantzig cut
∑

𝑗∈𝑁𝐹
𝑥 𝑗 ≥ 1 with coefficients again equal to 1

on 𝑁𝐹 ⊂ 𝑁 . □

COROLLARY 7 (Dantzig closure). Let 𝑃 = {𝑥 ∈ R𝑛
+ : 𝐴𝑥 = 𝑏} be a rational polyhedron in standard

form and let 𝐹 be a face of 𝑃. Then 𝐷𝐵 (𝐹) = 𝐷𝐵 (𝑃) ∩ 𝐹.

Proof. The result follows immediately from Lemma 16 and Theorem 2, the case 𝐹 = 𝑃 being trivial.

□

Corollary 7 and the examples of Section 4 exhibit an interesting contrast. For the Dantzig procedure,

enlarging the family from the feasible bases to all bases brings about the hereditary property. The basis

𝐵𝐹 produced by Lemma 14 may be infeasible, in which case ΓDFB(𝐵𝐹) contains no cut and the restriction

condition fails, whereas ΓDB(𝐵𝐹) always contains the Dantzig cut of 𝐹 from 𝐵𝐹 . For the Gomory fractional

procedure, no such repair is possible.

6. Concluding Remarks We have identified two mechanisms that account for the hereditary property

in several classical cutting-plane procedures. When a single family of lattice-free convex sets realizes the

closure of a convex set and of each of its faces, the property follows from Theorem 1, as for the split,

lift-and-project, Lovász–Schrijver, Sherali–Adams, and Lasserre closures. When the cuts are instead indexed

by the bases of a system in standard form, no such common family is available, and the property follows from

the compatibility conditions of Theorem 2, as for the closure of Dantzig cuts derived from all bases. Neither

mechanism is universal. The mixed-integer Chvátal and +-cut closures fall outside both. The closures of

Gomory fractional cuts and of Dantzig cuts derived from feasible bases, by contrast, are defined by families

of corner cuts that satisfy the lifting condition but not the restriction condition, so exactly one of the two

inclusions holds.

The Chvátal closure occupies a curious position with respect to these frameworks. It satisfies the hereditary

property in the pure integer polyhedral setting (Schrijver (1980) [31]), but neither mechanism accounts for

this. Chvátal inequalities are derived from the inequalities describing the polyhedron, so no common family

of lattice-free convex sets is available, and the natural basis-indexed relaxation, the closure of Gomory

fractional cuts, is strictly larger in general (Cornuéjols and Li (2001) [13]) and fails the hereditary property

by Example 1. Whether a structural criterion of the kind developed in this work can account for the Chvátal

closure remains open, and such a criterion would have to distinguish the pure integer from the mixed-integer

setting, where the property fails. It is also natural to ask whether the closure obtained from all nontrivial

valid inequalities for corner(𝐵), over all bases 𝐵, satisfies the hereditary property.
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