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Abstract

In an n-dimensional cropped hypercube each of the 2" cropping inequalities chops off a single
corner of the 0-1 hypercube by an ¢;-distance p. The case p = 1/2 has been extensively
studied in the literature. This paper shows that the Lasserre rank of the n-dimensional cropped
hypercube where p = 1/2, n > 2, is the smallest integer 0 < ¢ < n such that A; < 0 in the
recurrence A_1 =1, Ag =n—1, Ay = (n—1)As—1—t(n—t+1)As—2. It follows that the Lasserre
rank can be computed in time O(n*log?n). Asymptotically, the rank is %+ ci2v/n+o(y/n),
where ¢, /; is the unique zero of a given function. Numerically, ¢, /2 ~ 0.3825. In fact, we prove
such results for any fixed 0 < p < 1.

Keywords: Lasserre hierarchy; sum of squares; semidefinite programming; cropped hypercube;
Krawtchouk polynomials

1 Introduction

Fix 0 < p<1andlet N:={1,...,n}. The n-dimensional cropped hypercube is the polytope
Qn,p = {ac €10,1]" : gs(z) >0 for all I C N},

where

gr(z) == sz + Z (1—zi) —p. (1)

i€l 1€EN\T

Geometrically, each vertex of the 0-1 hypercube is cut off by a single inequality in the description
of Qn,, at f1-distance p. Together, the 2" inequalities exclude all 2" vertices.

Writing Sy, , := Qn,p N {0,1}", we have S, , = 0 and therefore conv(S, ,) = 0.

The cropped hypercube has been used as a canonical example for comparing cutting-plane and
lift-and-project procedures. In particular, the cropped hypercube obtained by taking p = 1/2 has
been studied extensively in the literature. The rank is the number of rounds of the procedure
needed to reach conv(PNZ") starting from a polyhedron P. The Chvétal-Gomory rank of @, 1/ is
n (Bockmayr et al| (1999)). |[Laurent| (2003) showed that the Sherali-Adams hierarchy also requires
n rounds for @, 1/o whereas the Lasserre rank is at most n — 1. For general polytopes, however,
Cheung| (2007)) established that the Lasserre rank is n in the worst case. Determining the precise
Lasserre rank of the cropped hypercube has since become a natural test case for the strength of
sum-of-squares relaxations. [Kurpisz et al. (2016b) proved lower and upper bounds of Q(y/n) and
n — Q(n'/3), respectively. Kurpisz| (2019) sharpened the bounds for Qn,1/2 as follows.

[gw < rankpas(@n,1/2) < [g + ”IOg(Qn)W :



More recently, [Kurpisz and Wirth| (2023) established a lower bound of n/2 + Q(y/n). Their work
reduces the question of identifying the Lasserre rank of @, 1/2 to one quadratic inequality and then
to positive-definiteness conditions for a tridiagonal matrix. These conditions yield lower and upper
bounds on the rank but do not identify the exact transition for every n. Symmetry reductions
and univariate polynomial techniques have also been used more generally to analyze sum-of-squares
certificates over the 0—1 hypercube (Kurpisz et al.| (20164 [2026])).

Au and Tungel| (2018) studied the Lasserre rank of cropped hypercubes when p decreases as n
increases. They show that the rank is n when p goes to 0 sufficiently fast.

In this paper, our two main contributions are:

1. a simple recurrence for computing the Lasserre rank of @, ,. For every fixed rational p, the
rank can be computed in O(n?log®n) time.

2. the following asymptotic formula for fixed 0 < p < 1

+CP\/H+O(\/E)7 (2)

n

rankpas(@n,p) = 5

where ¢, is the unique zero of the function fooo sPe=5"/8 cos (cs + %") ds. For p = 1/2, we have
172 = 0.3825. This closes the previous v/logn gap in the second-order term and determines
its sharp constant.

3. an exact characterization of the rank n regime. There is a unique threshold p, € (0,1)
satisfying

n

~ ()
p =1,
n;T_pn

such that rank LAS(Q,, ,) = n if and only if 0 < p < p,. Moreover, p, ~ n/2""! closing the
asymptotic factor-of-two gap between the previous bounds.

These results are obtained through a sequence of reductions from an exponentially indexed semidef-
inite system to a weighted least-squares problem. At level ¢, the Lasserre relaxation is empty if
and only if this least-squares problem with ¢ variables has optimum strictly below p. This gives a
different route to the tridiagonal structure identified by [Kurpisz and Wirth| (2023)). Our first new
step is to prove that the sign of the least-squares optimum is exactly the sign of the determinant of
an explicit tridiagonal matrix, which can be computed using a three-term recurrence. Relating this
recurrence with Krawtchouk polynomials then allows us to determine the exact Lasserre rank for
every n and 0 < p < 1. The least-squares formulation can be solved directly for n up to 250. For
example, when p = 1/2, the ranks for n = 10, 100, and 250 are 6, 53, and 131, respectively. The
recurrence makes much larger computations routine. Still with p = 1/2, for n = 103, 10*, and 10°,
the corresponding ranks are 512, 5038, and 50120, respectively. It is worth noting that Krawtchouk
polynomials were already used by |Slot and Laurent| (2021) in the context of the Lasserre hierarchy.

The remainder of the paper is organized as follows. Section [2] recalls the Lasserre hierarchy.
Section [3 uses the symmetries of the cropped hypercube to reduce feasibility to one canonical lifted
point and one cropping inequality. Section [4] derives the least-squares characterization. Section
derives the tridiagonal and Krawtchouk representations and analyzes the critical sign transition.
Section [6] presents the asymptotic analysis.



2 The Lasserre Hierarchy

We recall the Lasserre hierarchy for polyhedra described by linear inequalities (Lasserre| (2001);
Laurent| (2003))). Let

P:={ze[0,1]":ge(x) >0, £=1,...,m}, S:=Pn{0,1}",

where each gy is a linear function. The lifted variables are y = (y;)rcn, intended to represent the

monomials [],.; z;. Since 2? = z; for x; € {0,1}, the product of two monomials indexed by I and
J is indexed by I U J.

2 =
For r > 0, the moment matriz of order r is indexed by the subsets of N of cardinality at most r
and has entries

[M-(y)]1,5 = yrug, ][] <7 (3)
If g(x) =b— Z?:l a;xz; is linear, define the shifted sequence g - y by

(9 YKk = byx — Z GiYKU{i} K CN. 4)

i=1

The matrix M, (g -y) is the localizing matriz of g of order r. Its (I, J)-entry is

[Mr(g : y)]z,J = byrus — ZainuJU{i}- (5)

i=1
For an integer ¢t > 0, the lifted level-t relaxation is
LAS(P):={y:yp =1, Mi1(y) =0, Mge-y)=0for £=1,...,m}, (6)
and its projection onto the space of original variables is

LAS;(P) := {m € R" : z; = yg; for all i € N and some y € I:KSt(P)} . (7)

We use the convention in which the moment matrix has order ¢ + 1 and the localizing matrices have
order t. The bound inequalities x; > 0 and 1 — x; > 0 need not be included among the gy,. Their
localizing-matrix conditions are implied by M;41(y) = 0 (Laurent| (2003, Lemma 5).

To see the meaning of these semidefinite conditions, fix v € {0,1}™ and set p(v) :=[]
I C N. Then M,(u(v)) is the rank-one matrix whose (I, J)-entry is pu(v)rp(v)s, and

M, (g - p(v)) = g(v) My (pu(v)).

Consequently, pu(v) is feasible for (6) whenever v € S, and hence conv(S) C LAS,(P). The hierarchy
is nested and satisfies LAS,,(P) = conv(S) (Lasserre (2001)); Laurent| (2003))). Its Lasserre rank is
the least ¢ for which LAS,(P) = conv(S).

We assume that n > 2 for the remainder of the paper.

Figure (1| shows the three relaxations LAS;(Q3,1/2) for t = 0,1,2. In particular, LASo(Q3,1/2) =
Q3,1/2, the nonempty spectrahedron LAS;(Q31/2) contains (%, %, %), and LAS»(Q3,1/2) = 0. Of
course, LAS3(Q3,1/2) = () as well.

Henceforth, we write I_/JI\X/St and LAS; for ITA/St(Qn,p) and LAS;(Qn,,), respectively. In the next
section, we exploit the symmetries of @), , to decide this infeasibility question at a single canonical
moment vector y*.
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Figure 1: The Lasserre relaxations for Q31,2 at levels t = 0,1, 2.

3 Symmetry Reduction

We exploit the symmetries of the cropped hypercube to reduce the feasibility of the level-t Lasserre
relaxation to a single lifted vector y* and, subsequently, to a single cropping inequality. This isolates
the only localizing matrix that needs to be analyzed.

Let I be the group generated by coordinate permutations and coordinate complementations
7i  x; = 1 —x;. A permutation o maps gr to g,(), while 7; maps gr to gra;- Both operations
also permute the bound inequalities. Thus, every element of I' preserves the formulation.

We will use the following technical lemma to prove our main results. For an integer k > 0, let
my(x) denote the column vector of monomials [[,.; z; with I C N such that |I| < k.

Lemma 1. Order the entries of my(x) first by degree and then in any fized order within each degree.
For every v € I, there is an invertible matriz C such that

mi(1(@)) = Cymi(@). (8)

If v is a coordinate permutation, then C, is a permutation matriz. If v is a complementation of a
set of coordinates, then C. is triangular with diagonal entries in {1}, and hence is invertible.

Proof. A coordinate permutation simply permutes the monomials of each degree, so it induces a
permutation matrix on the entries of my(x).

Now suppose that v complements the coordinates in a set I C N. For a monomial indexed by
J C N with |J]| <k, we have

H’Y(f)i: H (1—m) H x; = Z (-7 H T

ieJ ieJnI ieJ\I TCJINI i€(J\I)UT

Every monomial on the right has degree at most |.J|. Therefore, with the degree ordering above,
the matrix C, is triangular. The coefficient of the original monomial [], ; z; is (—1)YMI, which is
either 1 or —1. Thus all diagonal entries of C are £1, so C,, is invertible because the determinant
of a triangular matrix is the product of its diagonal entries. O



Define y* by

N
Ti== ICN.
Yr <2> ) —

Note that y* = >°, (g 13n Avpt(v) with equal weights A, = 27" on all v, where p(v); := [[;c;vs
(recall the definition from the previous section).

For p = 1/2, Laurent showed that the vector y* is feasible at level n — 1 of the Sherali-Adams
relaxation for the cropped hypercube (see [Laurent| (2003), Proposition 11). We prove the following.

Lemma 2. The relaxation LAS; is nonempty if and only if y* belongs to LAA/St.

Proof. One direction is straightforward. If y* € II(Sh then its projection belongs to LAS;, which is
therefore nonempty. -

For the converse, suppose that LAS; is nonempty and let y € LAS;. Each v € T" induces an
invertible linear map on the lifted variables by substituting «(x) into each monomial and replacing
every resulting monomial indexed by I with y;. Indeed, 7 is a composition of a permutation and
complementations: a permutation gives (o - y);r = y,(r), while a complementation gives

_Jyngy —yi, 1€,
T Y)1 = . 9
(i ): {y oy Q

Both maps fix yp = 1.
Claim 1. The vector §j = \T1| Zwer v -y belongs to LfA/St.

Proof of Claim. Observe that the feasible region ITA/St is convex, and that it is invariant under v € I'.

Indeed, v permutes the 2" inequalities g; among themselves. For the matrix conditions them-
selves, My(y) is the linearization of my(z)my(z)". By Lemma [1} my(y(x)) = C,my(x) for an
invertible matrix C,. Consequently,

Mp(y-y) = CyMi(y)Cy .
Moreover, if J C N is determined by g;(v(x)) = gs(x), then
My (g1 - (v - ) = Cy My (95 - y)C .

For any positive semidefinite matrix M and any invertible matrix C, the matrix CMC'T is also
positive semidefinite because v CMC v = (CTv)T M(CTv) > 0 for every v. Taking k =t + 1 for
the moment matrix and k = ¢ for the localizing matrices therefore shows that v preserves all the
semidefinite conditions in @

Hence ~ - y is feasible for every v € I, and by convexity so is the average § = Tll Zwer vy, O

It remains to identify g, which satisfies jp = 1 and -y = 4 for every v € I, since averaging over
all of I' and then applying one more map reproduces the same average. Applying @ with ¢ € I,
that invariance forces y; = yp\ (s} — Y1, that is y; = %ﬂ]\{z‘}, and induction on |I| from gy = 1 gives
yr = (%)m. So § = y*, which is therefore feasible for LAS;. O



Consequently, the Lasserre rank of @), , is the smallest ¢ at which y* fails one of the level-t
semidefinite conditions. This reduces the question to evaluating explicit matrices at a single rational
vector.

We next show that the moment matrix alone cannot distinguish the cropped hypercube from its
integer hull. For a vector « indexed by the subsets {I C N : |I| < k}, define the polynomial

pale)i=aTmi() = 3 ar]a

ICN:|I|<k i€l

Lemma 3. My (y*) = 0 for every k and every n. More generally, if g > 0 at every point of {0,1}",
then My(g-y*) »= 0 for every k.

Proof. The definition of y* gives
Yivg = Z 27" H Ui
ve{0,1}n ieluJ

Fix any coefficient vector a indexed by {I : |I| < k}. Since v? = v; for v € {0,1}", we have
[Licrvilljesvi = [Licsug v 1t follows that

o' My (y oc—ZoanZ2 " H 1112227"]0@(11)220.

ielIuJ

For the second claim, observe that for every K C N,

(9- = Y 27g() [ v

ve{0,1}n €K
The identical computation gives
a ' My(g-ya= Y 27"g(w)pa(v)?,
ve{0,1}"
which is nonnegative whenever g is nonnegative at every point of {0,1}". O

Thus, the moment-matrix condition cannot make y* infeasible. The localizing matrices associated
with inequalities valid for the 0—1 cube cannot make it infeasible either. In particular, the bound
inequalities cannot cut off y*. A cropping inequality gr(z) > 0, however, is negative at the cube
vertex that it cuts off. A certificate that the level-¢ relaxation is empty is therefore a vector «
indexed by the subsets of cardinality at most ¢ for which

a" My(gr-y*)a = Z g1(v)2 "pa(v)? < 0.
ve{0,1}"

We can reduce the search for such a certificate a to a single cropping inequality as we will show
in the next lemma. For I C N, let v; denote the coordinate map defined by

() X5, iEI,
XT); —
TEEA ) g ie N\ L



Applying ~; twice returns every coordinate to its original value. Thus, s is a self-inverse map on
{0,1}", and

n

91(71($))=Z£Ei+ Z xi—p:in—p:gN(x).

iel iEN\I i=1
Since ~y; is a complementation, Lemma (1] gives an invertible matrix C,, such that my(y;(z)) =
C,; my(x). Moreover, the inverse of v; is itself, so applying twice gives
mi(x) = my(y1(v1(2))) = CF, my ().

The entries of my(x) form a basis for the space of multilinear polynomials of degree at most k.
Therefore, the identity my(z) = C2 my(z) implies that C2, is the identity matrix. In particular,

cl=0,,.

Lemma 4. For every I C N and every order k, there exists a vector a such that
aTMk(gI Yy a <0

if and only if there exists a vector & such that
a'Mi(gn -y*)a <o,

where gy (x) = Y1y i — p.

Proof. We first derive a relation between the corresponding quadratic forms. Fix I C N and let ¢
be any vector indexed by {J C N : |J| < k}. Then,

* —n 2
q" Mi(gn - y*)g =2 > gn(©) (g mi(v))
ve{0,1}n

=27 > gr(w) (g mr(vr(u)))

ue{0,1}m
n 2
=2 Z gr(w)((C5,q) "mk(u))
ue{0,1}m
=(CJ,0) " My (91 - y*)(C],q)-

2

The second equality holds because ~; is a bijection of {0,1}" and gn(vr(v)) = gr(u).

Now suppose that « is a certificate for g7, such that o My(g; - y*)a < 0, and set & := C:; a.
Since C’,%I is the identity matrix, (C:YFI)2 is also the identity matrix, and hence CII& = «. Applying
the equality above with ¢ = & gives

&TMk(gN Sy a = aTMk(gI -y a < 0.

This proves that every certificate for g; produces a certificate for gy. For the reverse direction,
suppose that « is a certificate for gy and set « := CJI a. Applying the equality above with ¢ = «
gives

o' My (g7 -y )a=a' My(gn - y*)a < 0.

It therefore suffices to consider the single cropping inequality gn(z) = Y1 z; — p.



4 Reduction to a Least-Squares Problem

Having reduced the analysis to the single localizing matrix M;(gy - y*), we now simplify the search
for a negative certificate. We first show that it suffices to consider coefficient vectors that are
constant on sets of the same cardinality. This reduces the quadratic form to an explicit ¢-dimensional
optimization problem, which can then be written as a weighted least-squares problem.

Lemma 5. There exists a vector o indexed by {I C N : |I| < t} such that o' My(gn - y*)a < 0 if
and only if there exists such a vector a satisfying

ar = oy whenever |I| = |J|.

Proof. The reverse implication is immediate, so it suffices to prove the forward implication.
Given a certificate «, define
> as <t

(I JCN
[7]=|1]

By construction, &; depends only on |I|. Fix r € {0,...,n} and let

V= {ve{O,l}":ivi:r}.

For a set I C N with |I| = ¢, the monomial ]
Therefore,

jer Vi equals one for exactly (" 5) vectors v € V.

v%;,.pa(v) - (r ) ICN:|I|=¢ !
(e

ICN: |1| ¢

pa(v),

|
M“ N

o~
Il

0

[~
m
=

where (::5) = 0 when ¢ > r. Moreover,

> stof = g (st ) (T ne >2szpa<v>2,

veEV,. veV, veV, veEV,

where the first equality holds because pg(v) has the same value for every v € V., the second equality
holds because p, and pgz have the same sum over V,., and the inequality is Cauchy—Schwarz.

For r = 0, equality holds because &y = . Since gy(v) =r — p for every v € V,., and r — p > 0
for every r > 1, it follows that

n

a Myan y)a =23 (r—p) Y palv)®

r=0 veV,
n
<27} (r=p) 3 palv)®
r=0 veV,
_ T
a Mi(gn -y*)



Thus, if " M;(gn - y*)a < 0, then also &' M;(gn - y*)a < 0. O

We may further assume that ap = 1. Indeed, if oy = 0, then p,(0) = 0, where 0 denotes the
all-zero vector. Since gy (v) = |supp(v)| — p > 0 for every v € {0,1}" \ {0}, we have

aTMy(gn -y )a=2""" 3 gn(v)pa(v)* =27" Y gn(0)pa(v)® > 0.
ve{0,1}" v#0

Thus every negative certificate has ag # 0. Replacing a by a/ay preserves the negativity of the
quadratic form and normalizes the certificate so that ag = 1.

By Lemma [5, we may assume that o depends only on |I|. Define z € R* by z; := «; for every
I C N with |I| = j, where j = 1,...,¢. If v € {0,1}" satisfies Y., v; = r, then exactly (;)
monomials of degree j evaluate to one at v. Consequently, p,(v) =1+ 22:1 (;) z;. Note that this
expression is now stated in terms of z and r. It will be denoted by p.(r) in the next section.

There are (") vectors v € {0,1}" satisfying Y, v; = r, and for each such vector, gy (v) =1 — p.

Therefore,

2

20T Mgy - 5" )a = —p + Z: (Z) r—p |1 +é (;) 5| = fasl2), (10)

For r =1,...,n, define w, := (:f) (r — p). For each t, let A; € R"** and b € R™ be defined by

g = v (7). b= v, )

forr=1,...,nand j =1,...,t. Then

(Ayz — b)y = oy 1+zt:(;>zj :

j=1
so that f,+(z) = ||Asz — b||3 — p. We can now state the least-squares characterization.
Theorem 1. The Lasserre rank of Qn , is the smallest integer t such that
: 2
min|[Aez — bz < p,
where Ay and b are defined in .

Proof. By Lemmas and [4 the level-t Lasserre relaxation is empty if and only if there exists
a such that o M;(gn - y*)a < 0. By Lemma |5, we may restrict attention to vectors whose entries
depend only on the cardinality of the indexing set. Moreover, every negative certificate has ay # 0,
so we may normalize to ag = 1. Thus such certificates are parametrized by z € R?, and by ,

2" My(gn -y ) = || Az = b3 — p.
Hence the level-t relaxation is empty if and only if
min | A,z = B[}3 < p.
The result follows by taking the smallest such t. O

For p = 1/2, solving the least-squares problems in Theorem [l gives Lasserre ranks 6, 53, and
131 for n = 10, 100, and 250, respectively. For larger values of n, the weights w, = (7)(r — p) grow
rapidly, making the direct least-squares formulation numerically intractable.



5 A Recurrence for Computing the Lasserre Rank

As shown in Theorem [I} computing the Lasserre rank of the cropped hypercube @, , amounts to
finding the first integer ¢ for which the minimum of f,, ;(z) is negative. Using (10)), we have

@ =3 (1) - 9ty (12)

r=0

where p,(0) = 1 and, for 0 <t <n and z € R?, p, is the univariate polynomial

px(z) =1 +2 <j) zj. (13)

The polynomial p, is the univariate version of the symmetric multivariate polynomial p,, introduced
in Section For the associated coefficient vectors o and z, we have po(v) = p.(r) whenever
> v; = r. In the remainder of this paper, we will need to extend the formula (f) = z(z —
1)+ (z — 7+ 1)/4! to nonintegral scalars . When ¢ = 0, the sum in is empty and p,(z) = 1.

Denote the minimum of f,, ¢ by f;, = min g fnt(2). The next theorem shows that the first
negative value of f; ; can be identified through a scalar recurrence.

Theorem 2. For everyn > 2 and 0 < p < 1, define
A_p =1, A :=n — 2p, Api=(n—2p)Ar1 —tn—t+1)Ao (1<t<n). (14

Then
rankpas(Qn,p) = min{0 <t <n | A; <0}. (15)

In particular, the exact rank can be computed using at most n recurrence steps.
As an example, consider n = 3 and p = 1/2. The recurrence in (14) gives
Ag =2, A =1, Ay = —6.

It follows from Theorem |Z| that the Lasserre rank of Q31,2 is 2. This matches the rank observed in

Figure [T}
The endpoint ¢t = n in is essential. For example, when n = 2 and p = 1/4, the recurrence
gives Ag = 3/2, Ay = 1/4, and Ay = —21/8, so the rank is 2.

To derive Theorem [2 we relate the minimization problem min,cg: fr+(2) to the sign change of
a determinant. We first introduce the underlying square matrix Hy, as well as a related family of
polynomials (Krawtchouk| (1929))).

Fix integers n > 2 and 0 < ¢t < n. Let H; be the (¢t + 1) x (¢ + 1) symmetric tridiagonal matrix
indexed by 0,...,¢ whose nonzero entries are

(Hi)j; =n—2p (0<j<t), (16)
(Ht)jj+1 = (He)j+15 = -V ([ +1)(n—17) (0<j<t-1). (17)

Let 0 < j < n be an integer. The binary Krawtchouk polynomials of degree j are defined as

Ky = Y1) B! (18)



Throughout this paper, we refer to these polynomials simply as Krawtchouk polynomials. They can
be obtained using a generating function:

K} (z) = [w/](1 —u)® (14 u)" "%, 0<j<mn, (19)

where [u/]F(u) denotes the coefficient of u/ in the power series of I (see MacWilliams and Sloane
(1977) Chapter 5, Section 7, p. 151). We work with the normalized polynomials for fixed n

The following properties from Chapter 5, Section 7, pp. 150-152 of MacWilliams and Sloane
(1977)) will be used throughout this section.

i. The polynomial ¢; has degree j and satisfies ¢;(0) = (7;)

Consequently, ¢, ..., ®; form a basis of the vector space R;[z] of real polynomials of degree
at most ¢.
ii. The polynomials ¢y, ..., ¢, are orthonormal with respect to the binomial distribution.

n

Ex~Bin(n,1/2)[¢:(X)¢;(X)] = 27" Z (Z) Gi(1)d;(r) = dij, 0<i,j<mn, (20)

r=0

where d;; = 1 if ¢ = j and 0 otherwise.
iii. The polynomials satisfy the three-term recurrence
(n—22)¢;(x) = V(i +1)(n—j) ¢jr1(x) + Viln —j+1) dj-1(2), (21)

for 0 < j < n, where ¢_1 := 0. Note that when j = n, we set the term /(j + 1)(n — j) ¢, 11(x) =
0.

Define v € R by v; := (;‘) for 0 <j <t
Lemma 6. For any integers n > 2 and 1 <t < n,
foe=2"""min {8 HA|vTf=1 geR*}. (22)
Proof.
Claim 1. There is a bijection between R and the affine space {3 € R | v =1}.

Proof of Claim. Given z € R?, the basis property of ¢y, . . ., ¢; gives a unique vector 3 = (8, ...,B:) " €
R+ such that

pe(e) = 3 By0s() (23)

Since p,(0) = 1 and ¢;(0) = v;, we have v' 8 = 1.
Conversely, let 3 € R satisfy v78 = 1 and define gs(x) = ZE’:O Bidj(x). Then g € Ry[z]

and gg(0) = 1. The polynomials 1, (7),..., (7) also form a basis of R,[z], so there is a unique z € R’
such that .
x
q(z) =1+ Z ( )z]
— \j
J
Thus, z — B gives the claimed bijection. %

11



For every 3 € R, define gg(x) := Z] o0 Bidi(x).
Claim 2. For any 0 <t <mn and any B € R+

THB=2"3" (") (@r -2 2, 24
B HpB Z::O . ) (2= 2p)gs(r) (24)
Proof of Claim. Let X ~ Bin(n,1/2). By the definition of the binomial distribution,
e (1
2 Y (1) @ = 200500 = B[2X - 205 (X))
r=0
Decomposing the factor 2X — 2p gives
E[(2X —2p)qs(X)*] = (n — 2p)E[g5(X)?] — E[(n — 2X)qs(X)?].
Equation and the definition of ¢g yield
t
] =" BiBEG:i(X)e;(X)] =D 5.
4,j=0 §=0

Multiplying by ¢;(X) and taking expectations gives
IE[(;SZ( )(n—2X)¢;(X ] V+1)(n—=7)0ij41+Vin—7+1)6 1.
When ¢ = n, for j = n we use the terminal identity (n — 2X)¢,(X) = /n ¢n—1(X). It follows that

E[(n —2X)gs(X Z BiBiE[6i(X)(n — 2X)¢;(X)]

1,j=0
t—1
=2> VG +1(n—34)BiBjt1,
j=0
where the second equality follows by reindexing one of the two identical sums. Therefore,

E[(QX*QP)Q/J’(X) ] (n72p Z 722 \% J+1 ﬂ]ﬂ]+1
7=0
=B Hp.

Combining this with the first equality proves . O

Finally, fix z € R? and let 8 € R**! be the unique coefficient vector corresponding to z under
the bijection in Claim 1. Since p, = ¢g, equations and give

n

Fua) = 3 (1) = o002 =225

r=0

Together with the bijection from Claim 1, this proves . O
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For fixed n, the sequence (f; ;)i is nonincreasing in t. Indeed, for ¢ <n — 1, appending a zero
to any z € R? leaves both p, and the objective value unchanged at level ¢ + 1.
The next lemma relates the sign of f;, to that of det(H;). We use

-1, a<0,
sgn(a) := 40, a=0,
1, a > 0.

Lemma 7. Forn > 2 and 1 <t <n, we have
sgn(f, ;) = sgn(det(Hy)).

Proof. We first show that H; is positive definite on v+ := {d € R"*! | vTd = 0}. Fix 0 # d € v+.
Recall the definition of ¢4(z):

qa(x) = djd;(x).
=0

Since ¢;(0) = (?) = v, we have ¢4(0) = v"d = 0. Therefore,

n n

d"Hd=2"Y (:) 2r —20)qa(r)> =27 (:f) (2r — 2p)qa(r)?, (25)

r=0 r=1

where the first equality is and the second equality follows from ¢4(0) = 0. Every coefficient in
this sum is positive. If the sum were zero, then gg would vanish at 0,1, ..., n. Since deg(qq) <t < n,
this would imply g4 = 0. The linear independence of ¢y, ..., ¢; would then imply d = 0, which is a
contradiction. Hence d' Hyd > 0 for every 0 # d € v+.

Let U € RE+ADX have columns that form a basis of v+. Then G := U H,U is positive definite
by . Take, for example, the feasible point 3 := v/(v'v) in v' 3 = 1. Every feasible point in
v = 1 can be written uniquely as 3 + U¢ for some ¢ € RY. Under this parametrization, the
objective in becomes

(B+UETH,(B+UE) =€ GE+2nT €+ BT HLB,

where h := U H,;3. Since G is positive definite, this quadratic function has the unique minimizer
& = —G~'h. Therefore, the problem in has the unique minimizer g8* := g + U™,
The first-order optimality conditions for the Lagrangian £(3,\) = 8T H;8 —2A\(v' B — 1) give

Htﬁ* = v

for some A € R. Since v'3* = 1, we obtain (8*)" H;3* = \. Equation shows that sgn(fy ;) =

sgn(A)
Define P := [f* U] € REFVX(EHD) | The matrix P is invertible because * ¢ v and the columns
of U form a basis of v+. Moreover,

_((B)THBT (B)THUY (A0
PTHtP_(UTHtﬂ* UTHtU>_(0 G)’

where U H;3* = AU "v = 0. Taking determinants yields
(det P)? det(H;) = Adet(G).
Both (det P)? and det(G) are positive, which proves the result. O
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We next derive a recurrence for det(H;) and relate it to a Krawtchouk polynomial.

Lemma 8. Let A; := det(H;) for 0 < t < n and set A_; := 1. Then Ay = n — 2p and, for
1<t<n,
At = (TL — 2p)At71 - t(’l’L —t+ ].)Atfz. (26)

Moreover, for 0 <t <n-—1,
det(Hy) = (¢ + 1)UK7 (p): (27)

Proof. Expanding the determinant of the tridiagonal matrix H; along its last row gives the standard
determinant recurrence (Usmani| (1994), pp. 413—414)

Ap = (Hp)iApo1 — (Ht)?7t_1At—2-
Equations and give (Hy)y =n —2p and (Hy)7,_, = t(n —t+ 1), which proves (26).
The unnormalized Krawtchouk recurrence given in Chapter 5, Section 7, p. 151 of [MacWilliams

and Sloane| (1977) is

(n = 22)Kj(z) = (j + DK (2) + (0 — 7 + 1)K ().
For 0 <t <n—1, setting x = p and j =t yields

(t+ 1)K (p) = (n = 2p) K (p) — (n =t + 1)K (p).
For 1 <t <mn — 1, multiplication by ¢! gives

(t+DIKE (p) = (n = 2p)t K (p) — t(n — t + 1)(¢ — 1K} (p).

The corresponding initial values are KJ(p) = 1 = A_; and K7 (p) = n — 2p = Ag. Thus, the
quantities (¢t + 1)!K}' ,(p) satisfy the same recurrence and initial conditions as A;, so A; = (¢ +
K} (p) for 0 <t <n—1. This proves ([27). O

We are now ready to prove Theorem
Proof of Theorem[3 By Theorem [I] and Lemmas[7]and [§] for 1 < ¢ < n,
sgn(/fy,¢) = sgu(det(Hy)) = sgn(A).

The same conclusion holds for ¢ = 0 because f¥,=2"""(n—2p) >0 and Ag =n —2p > 0.
Finally, at ¢t = n, choosing z; = (—1)7 gives

pa(r) = ;(—1)j (;) —0, r=1,...,n

Hence f;; , = —p < 0, so the set on the right-hand side of is nonempty. Theorem (1| now shows
that the rank is precisely the first ¢ for which A; < 0. This proves . O

To bound the bit complex1ty for fixed rational p = p/q, with positive integers p < ¢, set At =
g1 A;. The initial values are A_; = 1 and Ag = gn — 2p, and

ﬁt = (qn - 2p)£t—1 - q2t(n —t+ 1)&,5_2.
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This scaling preserves signs and gives an integer recurrence. Let B; := max_i<;<¢ |3j |. Since p and
q are fixed and t(n —t + 1) < n?, the recurrence gives B; < C, ,n*B;_; for a constant C), ,, and
hence each ﬁt has O(nlogn) bits. Using standard integer arithmetic, each recurrence step takes
O(nlog®n) time, so all A; can be computed in O(n2log? n) time.

If we allow p to vary with n, the Lasserre rank can be equal to n. Let p, denote the largest
value of p for which @, , has Lasserre rank n. This small-p regime was previously studied in |Au
and Tungel (2018)); Kurpisz| (2019). Using 1/p as the parameter, (Kurpisz, [2019, Theorem 12 and
Lemma 13) obtained lower and upper bounds on the rank when 1/p > 2. In particular, (Kurpisz,
2019, Corollary 4.2) showed that @, o-m+1) has Lasserre rank n. More directly, (Au and Tungel
(2018), Theorem 14) proved that

n+1 < <
9nt2 —p 3 =P = gnit Ty

Thus, p, = ©(n/2"), but these bounds differ asymptotically by a factor of two. The following
theorem characterizes p, exactly and shows that the upper bound in |[Au and Tuncel (2018 is
asymptotically tight.

Theorem 3. For every n > 2, there is a unique p, € (0,1) satisfying

pnz_;r(_:)pn =1 (28)

Moreover, rankyas(Qy.,) = n if and only if 0 < p < p,,, and p, ~n/2" L.

Proof. For 0 < p <1, let Tn(p) := >, ()/(r — p). By Theorem [I| and the monotonicity of f; ,,

r=1 \r
the rank is n if and only if f;,,_; > 0. Consider the matrix 4,1 € R™*(=1) and vector b € R"
defined in (1), so that f,, ,—1(2) = ||An—12—0b||3—p. The first n— 1 rows of A,,_; form an invertible

lower triangular matrix, and hence A,,_; has rank n—1. Define n € R™ by n, := (=1)"1/ () /(r — p).

T

For every j =1,...,n — 1, the binomial theorem gives
= n\ (r (n - n—j
=X (1)) =0 (D) e (") -
r=j r J J s=0 §

Thus ker(A4,]_;) = span{n}. Moreover, |n[3 = T,,(p) and n'b = =37 (-1)"(") = 1. If 2*
minimizes f, ,—1, the normal equations imply that A,_;z* —b = An for some A € R. Taking the

inner product with n yields AT, (p) = —1, and therefore

fin1=Xnl3—p= —p.

1
Ta(p)
Thus the Lasserre rank is n if and only if pT,,(p) < 1. Since pT,(p) is continuous and strictly
increasing from zero to infinity on (0, 1), this proves the existence and uniqueness of p, and the
claimed characterization of rankpag(@n,,) = n.

It remains to estimate p,. Since (1 — p,) < r — p, < r for every r > 1, we have T,(0) <
Tn(pn) < Ty (0)/(1 — pp). Together with p, T, (p,) = 1, this gives
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Also, T,,(0) > n implies p, < T,(0)~! < 1/n, so p, — 0. Hence p,T,,(0) — 1, or equivalently,
pn ~ T,,(0)~1. To estimate T},(0)~1, let X,, ~ Bin(n,1/2). Then

T.(0) = 2"E[X, 'Lx,>13]

where the expression inside the expectation is defined to be zero when X,, = 0. Set F,, := {|X,, —
n/2| < n%/*} and let ES denote the complement set. A Chernoff bound gives Pr(ES) < 2e~2V™,
On E,, we have X, ! = (2/n)(1 + o(1)) uniformly, and hence E[X, 11z, ] = (2/n)(1+ o(1)). On the
other hand, X! <1 whenever X,, > 1, so

0 <E[X, "1ix,>13nm: ] < Pr(Bg) <2e2Y" =o(n™).

Consequently, T, (0) ~ 2" /n and thus p, ~ T,,(0)~! ~ n/27*1 O

6 Asymptotically Tight Lasserre Rank

We next turn to the asymptotic analysis for fixed p. The cropping constant is fixed independently
of n in the following theorem.

Theorem 4. For every fired 0 < p < 1,

n
rankLAS(Qn,p) = 5 + Cp\/?l + O(\/ﬁ)a (29)
where ¢, > 0 is the unique zero of the function
Kp(C) == / sPe™"" /8 cos (cs + %) ds. (30)
0

In particular, cy /o ~ 0.3825.

Lemmas |7 and [§ reduce the rank computation to the sign of K7, (p) for 0 <t < n —1. The
asymptotic behavior of Krawtchouk polynomials has been studied in several parameter ranges (Dai
and Wong| (2007)); Dominici| (2008); Ismail and Simeonov] (1998); |Li and Wong| (2000); |Qiu and Wong
(2004))). The proof of the following lemma is fairly standard but we could not find a good reference
for it, so we include it for completeness.

Lemma 9. Forn>2 and 0 <m < n,

2n+1
Ko (p) =

/OTF/Q(COS 6)" = (sin 9)” cos((n —2m)6 — %) de. (31)

™

Proof. The integral representation of the Krawtchouk polynomials (Johansson} 2002, p. 232, Eq. (2.7)
with p=1/2 and z = —2u) is
1 du

Ky (z) = (T4 u)" (1 —u)” TR

= - O<R<1.
2mi lu|=R

Set # = p and parametrize by u = Re!?. The factors in the integrand extend continuously to the
boundary of the unit disk, and the parametrized integrand is uniformly bounded for R > 1/2. Thus,
by dominated convergence, letting R 1 1 gives

1

Ki(p) =5 [ (s eoyr—copemedp,
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For 0 < ¢ < m, we have 1+ e'? = 2cos(p/2)e’?/? and 1 — €' = 2sin(p/2)e!¥/277/2), Pairing the
conjugate integrands at ¢ and —¢ yields twice the real part, hence

n

2 g _ . n—2m T
K (p) = ?A cos" P (p/2) sin” (¢/2) cos( 5 P~ 2'0) dep.

Substituting ¢ = 26 proves (31]). O
Next we focus on the case when m = 5 + cn/n where ¢, € R.

Lemma 10. Let m = m(n) € {0,...,n} for every integer n > 2, and write
n
m:§—|—cn\/ﬁ, cn € R.

If ¢, > c € R, then
72 P2 KT () — K, (c), (32)

where K, is the function . Moreover, k, has a unique zero c,, and
sgn(k,(c)) = sgn(c, — ¢).
Proof. Since n — 2m = —2¢,+/n, substituting § = s/(2y/n) in gives
/1 n—p . 9 p
7r2_"+pn(p+1)/2KﬁL(p) :/ 5P <cos S ) (sm(s/( ﬁ))) oS (cns + @) .ds.
0 2y/n s/(24/n) 2

We interpret the sine quotient as one at s = 0 and extend the integrand by zero outside [0, 7/n].
For every fixed s > 0, the integrand converges to

sPe="/8 cos (cs + %) .

On 0 <z < 7§, the inequalities 0 < Sl% <1 and log(cosz) < —22%/2 imply

n—p o
(cos 2%) < exp <— n8np52> < e—s°/16

for n > 2. Thus, the absolute value of the extended integrand is bounded by the integrable function
sPe=s/16, Therefore, follows from the dominated convergence theorem.

The cosine integral representation of the parabolic-cylinder function D, in (Erdélyi et al., 1953
Section 8.3, Eq. (4), p. 120), applied with v = p, 2 = —2¢, and the change of variables s = 2r, gives

Kp(c) = 2"\/%6762Dp(—2c).

For 0 < p < 1, the function D, has exactly one real zero (Erdélyi et al.| (1953, Section 8.6, p. 126);
denote it by x7. The same integral representation at z = 0 shows that D,(0) > 0. By (Erdélyi et al.,
1953, Section 8.4, Eq. (2), p. 123), D,(—y) < 0 for all sufficiently large y. Therefore by continuity
we get z, <0 and

Dy(z) <0 for x <), Dy(z) >0 for x >},

Set ¢, := —x/’;/Q > 0. The factor 2°v27e=<" is positive, which gives the desired sign relation
sgn(k,(c)) = sgn(c, — ). O
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We now prove Theorem

Proof of Theorem [} It remains to prove . Write 7, := rankpas(@n,p). Fix ¢ > 0 and, for all
sufficiently large n, set

m,, = {g + (¢, 75)\/’77,J , ml = [g + (¢, +€)\/ﬁ—‘ .

These integers lie in {1,...,n} for all sufficiently large n. Since rounding changes each value by at
most 1, we have
m, —n/2 m —n/2

NG — ¢y — €, 7

— Cp F €.

Lemma [I0] therefore gives
K" _(p)>0 and K. (p)<0

for all sufficiently large n. By Lemmas|7|and [8] these inequalities imply f* me—1 0 and f* mi_1 <
0. Since f,;, is nonincreasing in ¢ and 7, is the first level at which this ‘minimum is negaﬁtive7 we
obtain

my, <1, <mf —1.

Consequently,
e < limint =12 < o2
c, — iminf ——— < limsup ——— <¢ .
r T m—oo \/H - n—)oop \/’771 -
Letting ¢ | 0 proves ([29)). O

Some numerical values are

p | 99/100 9/10 3/4 3/5 1/2 1/4 1/10 1/100
cp | 0.006286 0.064705 0.170732 0.291092 0.382475 0.682246 0.991827 1.528217

The dependence of ¢, on p is illustrated in Figure The curve is nonlinear over (0,1) and
exhibits different behavior at its two endpoints.

The assumption that p € (0,1) is fixed is essential to the stated asymptotic conclusion. At the
lower endpoint, ¢, — oo as p | 0. Indeed, fix C' > 0. Dominated convergence in gives

kp(C) — / e /8 cos(Cs)ds = V2re 29" > 0.
0

The sign relation in Lemma therefore implies ¢, > C' for all sufficiently small p > 0. Since C' > 0
is arbitrary, it follows that ¢, — co. At the other endpoint, ¢, — 0 as p 1 1. To see this, again fix
C > 0. Dominated convergence in gives

kp(C) — £1(C) = —/ se™* /8 sin(Cs)ds = —4CV2me 2" < 0.
0

The same sign relation implies 0 < ¢, < C whenever p < 1 is sufficiently close to one. Since C' > 0
is arbitrary, the claim follows.

Acknowledgments: The authors used OpenAl’'s GPT-5.6 Sol to assist in the derivations in
Sections [§] and [f] The authors independently verified all arguments and take full responsibility for
the manuscript.
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Figure 2: The dependence of ¢, on p. The dots indicate the values reported in the preceding table.
The curve was obtained numerically by solving D,(—2c,) = 0. It is truncated near p = 0, where
cp, — 00, and uses the continuous extension c¢; = 0.
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